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Abstract
We consider in the paper axially symmetric and stationary fields and cylindrically symmet-
ric gravito-electromagnetic waves in the Nonsymmetric Kaluza–Klein Theory. Using symbolic
manipulations we write down all important quantities in the theory. We write field equations
for both cases and partially integrate them. We consider also a generalized Kerner–Wong–
Kopczyński equation in GSW model.
1 Introduction
In the paper we consider stationary and axially-symmetric fields and field equations in the Non-
symmetric Kaluza–Klein (Jordan–Thiry) Theory. We consider only 5-dimensional, electromag-
netic case. A difference between Nonsymmetric Kaluza–Klein Theory and Nonsymmetric Jordan–
Thiry Theory consists in introducing a scalar field in Nonsymmetric Jordan–Thiry Theory. This
is the same as in the classical Kaluza–Klein (Jordan–Thiry) Theory. The Nonsymmetric Kaluza–
Klein (Jordan–Thiry) Theory satisfies a Bohr correspondence principle to the classical one.
The Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory has been created and developed
(see Refs [1], [2], [3], [4], also [5], [6], [7]). The theory uses a nonsymmetric metrization of a
fibre bundle. On a space-time theory uses a formalism of Einstein Unified Field Theory with
Moffat interpretation as an extended theory of gravitation (see Ref. [8]). The theory has been
considered in 5-dimensional case (Refs [1], [3]) and also in (n + 4)-dimensional case (see Refs
[1], [2]), including also spontaneous symmetry breaking and Higgs’ mechanism (see Ref. [1]).
In 5-dimensional case the theory is bi-invariant with respect to U(1)-group action on a fibre
bundle. In a general non-Abelian case we have only right-invariance of an action of a group G
on a bundle. The theory has been applied to a problem of an anomalous acceleration of Pioneer
10 and 11 spacecraft (see Ref. [9]). We develop a theory finding spherically symmetric solutions
(5-dimensional electromagnetic case) with particle-like properties and generalized plane gravito-
electromagnetic waves (see Refs [3], [10]). A dielectric model of a confinement of charge (see
Ref. [10]) has been posed and developed. Afterwards such a model has been extended to a non-
Abelian dielectric model of color confinement (see Ref. [11]). The Nonsymmetric Kaluza–Klein
Theory with spontaneous symmetry breaking and Higgs’ mechanism has been developed. In
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particular, a bosonic part of GSW (Glashow–Salam–Weinberg) has been derived with correct
Weinberg angle and masses of W±, Z0 and Higgs’ particle agreed with experiment (see Ref. [11]).
A problem of hierarchy of symmetry breaking in the Nonsymmetric Kaluza–Klein Theory has
been derived (see Ref. [12]). Cosmological models in the Nonsymmetric Kaluza–Klein (Jordan–
Thiry) Theory with quintessence and quintessential inflation have been obtained ([13]). All of
the above investigations are in line of the so-called programme of geometrization and unification
of fundamental physical interactions (see Refs [14], [15]).
The paper has been organized as follows. In the second section we write down all important
formulas in the Nonsymmetric Kaluza–Klein Theory (5-dimensional case), which we should use
in Sections 3 and 4. Section 3 is devoted to axially-symmetric stationary fields in (5-dimensional)
Nonsymmetric Kaluza–Klein Theory. In Section 4 we consider cylindrical gravito-electromagnetic
waves in the Nonsymmetric Kaluza–Klein Theory. We use results calculated by our programmes
written in Mathematica. We write down field equations for the mentioned cases. In the fifth
section we consider generalized Kerner–Wong–Kopczyński equation in GSW model as a possibility
to travel in higher dimensions.
In Conclusions and Prospects we give some prospects for further investigations. The pro-
grammes have been quoted in Appendix A and Appendix B. In Appendix A for axially-symmetric
and stationary case. In Appendix B for cylindrical gravito-electromagnetic waves.
Let us remind to the reader that someone considers cylindrical waves in Einstein’s unified field
theory (see Refs [16], [17]) and in Bonnor’s and Schrödinger’s unified field theory (see Ref. [18]).
In NGT (Nonsymmetric Gravitation Theory) the problem of gravitational radiation from axisym-
metric sources has been taken into account (see Refs [19], [20], [21]).
We use such system of units that GN = c = 1.
2 The Nonsymmetric Kaluza–Klein Theory
Let us give some details of the Nonsymmetric Kaluza–Klein Theory. The all full theory has been
described in Refs [1], [2], [3], [4], [5], [6]. In this paper we do not repeat our considerations from
previous papers. The Nonsymmetric Kaluza–Klein Theory unifies gravity and electromagnetism.
Gravity is described by NGT (Nonsymmetric Gravitational Theory, see Ref. [8]). In this way in
the theory we have nonsymmetric metric
gαβ = g(αβ) + g[αβ] (2.1)
and two connections Wαβ and ω
α
β such that
Wαβ = ω
α
β − 2
3
Wδαβ (2.2)
where W is a one form on E (a space-time),
W =Wµθ
µ
, (2.3)
where θµ is a frame on E
Wµ =
1
2
(W σµσ −W σσµ). (2.4)
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For connection ωαβ we suppose the following conditions
Dgαβ − gαδQδβγ(Γ )θγ = 0
Qαβα(Γ ) = 0
(2.5)
where D is an exterior covariant derivative with respect to a connection ωαβ and Q
α
βγ(Γ ) its
torsion.
ωαβ = Γ
α
βγθ
γ . (2.6)
According to our general scheme we metrize nonsymmetrically an electromagnetic fibre bundle P
over a space-time E. The metrization is of course biinvariant with respect to an action of a group
U(1).
We introduce two types of affine connections on P (a metrized electromagnetic fibre bundle)
and calculate a scalar curvature for those affine connections. One gets
√−g R(W ) = √−g
(
R(W ) + (2(g[µν ]Fµν)
2 −HαµFαµ)
)
(2.7)
where Hαµ is a tensor on E such that
Hαµ = gαβgµνHβν (2.8)
Hβν = −Hνβ (2.9)
gδβg
γδHγσ + gαδg
δγHβγ = 2gαδg
δγFβγ (2.10)
We have as usual
R(W ) = R(Γ ) +
2
3
g[µν]W[µ,ν]. (2.11)
From Palatini variational principle with respect to Wαβ, gαβ and Aµ one gets
Rαβ(W )− 1
2
gαβR(W ) = 8pi
em
T αβ, (2.12)
∼
g[µν]
,ν=0
(2.13)
gµν,σ − gξνΓ ξµσ − gµξΓ ξσν = 0, (2.14)
∂ν(∼H
αµ) = 2
∼
g[σβ]∂β(g
[µν]Fµν), (2.15)
or
∇µ(Hαµ) = 2gαβ∇β(g[µν ]Fµν). (2.16)
We have
em
T αβ =
1
4pi
(
gγβg
τµgεγHµαHτε − 2g[µν]FµνFαβ − 1
4
gσβ
(
HµνFµν − 2(g[µν ]Fµν)2
))
, (2.17)
∼
g[µν] =
√−g g[µν], (2.18)
∼
Hµα =
√−g gβµgγαHβγ . (2.19)
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Equations (2.12)–(2.15) can be rewritten in the following form:
R(αβ)(Γ ) = 8pi
em
T (αβ), (2.20)
R[[αβ], γ](Γ )− 8pi
em
T [[αβ],γ] = 0, (2.21)
Γ µ = 0, (2.22)
gµν,σ − gξνΓ ξµσ − gµξΓ ξσν = 0, (2.23)
∂µ
(
∼H
σµ − 2g[σµ](g[νβ]Fνβ)
)
= 0, (2.24)
where Rαβ(Γ ) is a Moffat–Ricci tensor for the connection
ωαβ = Γ
α
βγθ
γ
Γµ = Γ
α
[µα].
(2.25)
For an energy-momentum tensor of an electromagnetic field we have three equivalent forms.
em(1)
T αβ =
em
Tαβ (from Eq. (2.17)) (2.26)
em(2)
T µν =
1
4pi
{
gαβHβνHσµ − 2g[αβ]FαβFµν − 1
4
gµν
[
HαβHαβ − 2(g[αβ]F 2αβ
]}
− 1
8pi
Jµν , (2.27)
Jµν = 4HαµHβνg
[αβ] − 4HαµHτεgτσgβνg[εβ], (2.28)
em(3)
T αβ =
1
4pi
{
gγβH
µσFµσ − 2gµνFµνFαβ − 1
4
gαβ
[
HµνFµν − 2(g[µν ]Fµν)2
]}
. (2.29)
It is easy to see that
gαβ
em(1)
T αβ = g
αβ
em(2)
T αβ = g
αβ
em(3)
T αβ = 0. (2.30)
All forms of an energy-momentum tensor for an electromagnetic field are equivalent modulo
equation (2.10) and also modulo the conditions:
g[µν]Hµν = g
[µν]Fµν ,
gαωgβµHαβHωµ = g
αωgβµHαβFωµ,
gσνgαµHσαFµ + g
µσgνβHβσFµν = 2g
µσgνβFµνFβσ
derived from the condition (2.10). The condition (2.10) can be solved (see Ref. [10]). Moreover,
from a theoretical point of view it is more convenient to work with the tensor Hµν .
Equation (2.10) can be solved (as we mentioned before) and one gets
Hνµ = Fνµ − g˜(τα)Fανg[µτ ] − g˜ταFαµg[ντ ]. (2.31)
In this way a lagrangian for an electromagnetic field in the Nonsymmetric Kaluza–Klein Theory
Lem = − 1
8pi
(
HµνFµν − 2(g[µν ]Fµν)2
)
(2.32)
can be rewritten in the form
Lem = − 1
8pi
(
(gµαgνβ − gνβ g˜(µα) + gνβgµω g˜(µα)gωτ )FαβFµν − 2(g[µν ]Fµν)2
)
(2.33)
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or
Lem = − 1
8pi
(
FµνFµν − 2(g[µν ]Fµν)2 +
(
gνβgµω g˜(τα)gωτ − gνβ g˜(µα)
)
FαβFµν
)
(2.34)
where
Fµν = gµαgνβFαβ . (2.35)
Using (2.31) we can reconsider an energy-momentum tensor for an electromagnetic field. One
gets
em
T αβ =
o
Tαβ +
1
4pi
tαβ, (2.36)
where
o
Tαβ =
1
4pi
(
F ταFτβ − 1
4
gαβF
µνFµν
)
(2.37)
is an energy-momentum tensor of the electromagnetic field in NGT,
F τα = g
τγFγα = −Fατ (2.38)
and
tαβ = gγβF ν
τFωτg
εγ g˜(ρν)g˜(δω)g[αρ]g[εδ] − gγβ g˜(ρν)
(
FµγFνµg[αρ] + FµεF ν
µgεγg[αρ]
)
− 2g[µν]FµνFαβ + 1
4
gαβ
(
2(g[µν ]Fµν)
2 −
(
gνδgµω g˜(τε)gωτ − gνδ g˜(µε)
)
FεδFµν . (2.39)
The second part of Maxwell equations in the Nonsymmetric Kaluza–Klein Theory (i.e. Eq. (2.15)
or Eq. (2.16)) can be rewritten in the following form:
∇µFαµ = Jαp + Jαt (2.40)
where Jαt is a topological current and J
α
p is a polarization current
Jαp = 4pi∇µMαµ = 4pi√−g ∂µ(
√−gMαµ) = ∇µ
(
gαβgµγ g˜(τρ)(Fργg[βτ ] − Fρβg[γτ ])
)
=
1√−g ∂µ
(
∼
gαβgµγ g˜(τρ)(Fργg[βτ ] − Fρβg[γτ ])
)
. (2.41)
Mαµ is a polarization tensor induced by a nonsymmetric part of the metric
Hµν = Fµν − 4piMµν . (2.42)
From Eq. (2.31) one gets
Mµν =
1
4pi
g˜(τα)
(
Fαµg[ντ ] − Fανg[µτ ]
)
. (2.43)
This tensor has an interpretation as a tensor of torsion in the fifth dimension
Q5µν = 8piMµ. (2.44)
The topological current
Jαt = 2∇µ
(
g[αµ](g[νβ]Fνβ)
)
= 2g[νβ]∇µ(g[νβ]Fνβ) (2.45)
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is conserved by its definition. Its current density is equal to
∼
Jα
t
= 2∂µ
(√−g g[αµ](g[νβ]Fνβ)) = 2∼g[αβ]∂β(g[µν]Fµν) (2.46)
and one gets
∂α∼J
α
t
= 0. (2.47)
The first part of Maxwell equation is of course a Bianchi identity (due to this a fourpotential
exists)
dΩ = 0 (2.48)
where
Ω = dα =
1
2
pi∗(Fµνθ
µ ∧ θν) (2.49)
Fµν = ∂µAν − ∂νAµ, e∗ = Aµθµ, (2.50)
α is an electromagnetic connection defined on an electromagnetic bundle P , e is a local section
of a bundle P (e : E ⊃ U → P ). We have as usual
gαβg
γβ = gβαg
βγ = δα
γ (2.51)
and
g = det gαβ 6= 0 (2.52)
g˜ = det g(αβ) 6= 0 (2.53)
g˜(αβ)g(αµ) = δ
β
µ,
g˜(αβ) is an inverse tensor of g(αβ).
According to Refs [22], [23] a condition (2.22)–(2.23) or (2.5) can be exactly solved. One gets
Γ λµν = Γ˜
λ
µν +Q
λ
µν +∆
λ
µν (2.54)
where Γ˜ λµν is a Levi-Civita connection induced by g(αβ) on E and
Qλµν =
1
2
(
Kγµ
ν − 2g[[µα]Kγ]αβ · g[νβ]
)
(2.55)
is a torsion of an affine connection Γλµν .
∆νγµ = g˜
(νδ)
{
Kδ(γ
αg[µ)α] + g[ρ
β
]
[
g([µ
ρ
]Kγ)αβg[δ
α
] −Kδαβg([γα]g[µ)ρ]
]}
(2.56)
Kαβγ = −∇˜αg[βγ] − ∇˜αg[βγ] + ∇˜γg[αβ] (2.57)
where ∇˜ is a covariant derivative with respect to a Levi-Civita connection Γ˜αβγ defined on E and
induced by a tensor g(αβ). In particular Γ˜
α
βγ can be a Christoffel symbol built for g(αβ).
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One can rewrite the remaining Einstein equations and the second pair of Maxwell equations
in the following way.
R˜βγ = 8pi
em
T (βγ) +
3
4
∇˜δ∆δβγ − 1
4
∇˜(γ∆αβ)α (2.58)
1
4
∇˜[[γ∆αβ]|α|,µ] −
1
2
∇˜δQδ[βγ,µ] = 8pi
em
T [[βγ],µ] (2.59)
∇˜µFαµ = ∆µδµF δα −QαδµF δµ
+∇µ
(
gαβgµν g˜(τρ)(Fργg[βτ ] − Fρβg[γτ ])
)
+ 2g[αβ]∇µ(g[νβ]Fνβ) (2.60)
In this way we get field equation in a GR (General Relativity) shape.
R˜βγ is a Ricci tensor for a Levi-Civita connection defined on E, induced by g(αβ).
Moreover, in future applications we use full field equation (2.20)–(2.24) and with a known
solution for Hνµ (Eq. (2.31)) and a solution (2.54) for a connection Γ
λ
µν (solution of conditions
(2.22)–(2.23) or (2.5)). We will work in holonomical or in unholonomical frames.
In the case of a holonomic frame we have the following points to introduce or calculate sym-
bolically:
1) gµν
2) gµν , g[µν],
∼
g[µν] =
√−g g[µν], √−g gµν =
∼
gµν
3) g = det gµν
4) g(µν), g[µν]
5) g˜ = det g(µν), g˜
(αβ)
6) Fµν
7) Hµν = Fµν − g˜(τα)Fανg[µτ ] + g˜(τα)Fαµg[ντ ]
8) Hµν = gβνgγνHβγ , ∼H
µν =
√−gHµν
9) 8pi
em
Tαβ = 2
[
gγβg
τµgεγHµαHτε − 2g[µν ]FµνFαβ − 14 gαβ
(
HµνFµν − 2(g[µν ]Fµν)2
)]
10) Γ˜αβγ =
1
2 g˜
(αδ)
(
∂g(δβ)
∂xγ +
∂g(δγ)
∂xβ
− ∂g(βγ)
∂xδ
)
11) ∇˜αg[βγ] = ∂αg[βγ] − Γ˜ δβαg[δγ] − Γ˜ δβαg[βδ]
12) Kαβγ = −∇˜αg[βγ] − ∇˜βg[γα] + ∇˜γg[αβ]
13) Kγµ
ν = Kγµαg˜
(αν)
14) g[ρ
β
] = g˜
(αβ)g[ρα]
15) Qνγµ =
1
2
(
Kγµ
ν − 2g[[µα]Kγ]αβ g˜(νρ)g˜(βδ)g[ρδ]
)
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16) ∆νγµ = g˜
(νδ)
{
Kδ(γ
αg[µ)α] + g[ρ
β
]
[
g([µ
ρ
]Kγ)αβg[δ
α
] −Kδαβg([γα]g[µ)ρ]
]}
17) Γ νγµ = Γ˜
ν
γµ +Q
ν
γµ +∆
ν
γµ
18) Rαβγδ = 2Γ
α
β[δ,γ] + 2Γ
α
ρ[γΓ
ρ
|β|δ]
19) Rµν = R
α
µνα +
1
2 R
α
αµν (a Moffat–Ricci tensor)
20) R(µν)
21) R[µν]
22) 8pi
em
T (αβ)
23) 8pi
em
T [αβ]
24) R(αβ) = 8pi
em
T (αβ)
25) R[[µν],γ] = 8pi
em
T [[µν],γ]
26) 2
∼
g[αβ]∂β(g
[µν]Fµν)
27) ∂µ(∼H
αµ)
28) ∂µ(∼H
αµ) = 2
∼
g[αβ]∂β(g
[µν ]Fµν)
29)
∼
g[µν]
,ν
= 0.
In the case of unholonomic frames we have some differences concerning points 10) and 18). In
this case ,ν means an action of a vector field dual to the unholonomic frame. Section 3 gives us
an example of this situation.
Let us introduce external (material) sources in the Nonsymmetric Kaluza–Klein Theory as in
Refs [1], [3]. Let us notice that one introduces material (external) sources in the Kaluza–Klein
Theory (Kaluza–Klein Theory with torsion) in Ref. [7] (see also Refs [24], [25], [26]).
In order to do this we write down a material sources lagrangian in the following way:
Lm = −8pigµν∼T µν + ∼j
µAµ. (2.61)
One gets
∼
T µν = − 1
8pi
δLm
δgµν
(2.62)
∼
jµ =
δLm
δAµ
(2.63)
where
∼
T µν =
√−g T µν ,
∼
jµ =
√−g jµ. (2.64)
8
T µν is an energy momentum tensor of material sources, jµ an electric current and Aµ a four-
potential.
Usually we suppose a conservation of an electric charge
∂µ∼j
µ = 0. (2.65)
One can consider also T µν as a sum of a hydrodynamical tensor and an interaction term
T µν = uµhν − pgµν +
int
T µν (2.66)
int
T µν = gµν
∼
jαAα (2.67)
where uµ is the four-velocity of a fluid, p its pressure, hν a four-vector of an enthalpy. In this way
in Eqs (2.12), (2.20), (2.21) we should pass from
em
T µν to
eff
Tµν , where
eff
Tµν =
em
T µν + Tµν . (2.68)
Eq. (2.24) should be rewritten as
∂µ(∼H
σµ − 2g[σµ](gνβFνβ)) = ∼j
σ. (2.69)
In some cases we can consider only
eff
Tµν =
em
T µν +
int
T µν . (2.70)
neglecting the hydrodynamic part. An electric current can be written also as
jα = qρuα (2.71)
where q is an electric charge and ρ the density of a fluid.
External sources in Kaluza–Klein Theory (any type—nonsymmetric, symmetric, with torsion
etc.) are in some sense against a unification approach, where everything has been geometrized.
Moreover, those external sources can be obtained from more unified theory (also Kaluza–Klein or
Jordan–Thiry type) where 5-dimensional theory (an electromagnetic theory unified with gravity)
is only a part of a full theory which is non-Abelian Kaluza–Klein theory with Higgs’ fields and
spontaneous symmetry breaking. This theory geometrized all physical interactions (a bosonic
part of the physical world) and only as external sources remain fermion which are coupled to the
multidimensional geometry via a minimal coupling scheme. It means they are coupled by new
type of gauge derivatives. All fermions are unified in one multidimensional spinor. All physical
interactions are described by only one affine connection defined on the Kaluza–Klein (Jordan–
Thiry) manifold. In this setting a cosmological constant which we consider in the 5-dimensional
case is also a part of external sources which can be derived from more extended theory.
Let us remind to the reader what we mean by a geometrization in the Einstein programme.
In this programme all physical quantities concerning fundamental physical interaction should get
geometrical interpretation. They should be geometrical quantities as connections, curvatures,
metric tensors, torsions, nonmetricity tensors etc. The best way to achieve it is to construct
9
a lagrangian of the theory as a scalar curvature of some affine connection defined on a manydi-
mensional manifold. In this way classical equations of fields obtained from variational principle are
vacuum equations. On the right-hand side we have only zero, on the left-hand side geometrical
quantities only. If this lagrangian contains all physical interactions unified in this one affine
connection, we get simultaneously a unification of those interactions. Moreover, 5-dimensional
theory which describes only a unification of a gravity and an electrodynamics, even it is given by
a lagrangian which is a scalar curvature of an affine connection is not a full story. Thus external
sources are not breaking the idea of a full geometrization, even they are not of geometrical nature
and in the field equations they are on the right hand side of field equations.
They can be derived from more unified theory (in higher dimensions, more than five dimen-
sions). 5-dimensional theory in our geometrization and unification is pure geometrical because
em
T µν (an energy-momentum tensor) is derived from geometry and the lagrangian of the theory is
a scalar curvature. We have the same in more advanced theory i.e. a bosonic part of GSW-model
(see Ref. [11]).
3 Axially-symmetric and stationary fields
in Nonsymmetric Kaluza–Klein Theory
Let us consider axially-symmetric and stationary fields in the Nonsymmetric Kaluza–Klein The-
ory. First of all we write down a symmetric part of the metric (see Refs [27]–[36])
ds2 = f−1
(
e2γ(dρ2 + dz2) + ρ2 dϕ2
)
− f(dt− ω dϕ)2 (3.1)
where ρ and z, ϕ are usual cylindrical coordinates. A signature is here +++−. We introduce a
new nonholonomical frame
θ4 = dt− ω dϕ
θ2 =
1√
f
eγ dρ
θ1 =
1√
f
eγ dz
θ3 = dϕ.
(3.2)
(functions are functions of ρ and z only). In this new frame a metric (3.1) has a form
ds2 = θ1 ⊗ θ1 + θ2 ⊗ θ2 + f−1ρ2θ3 ⊗ θ3 − fθ4 ⊗ θ4. (3.3)
Let us introduce new functions r1 and r2 such that
r21 = f
−1ρ2
r22 = f
(3.4)
and r21r
2
2 = ρ
2. Simultaneously we change for a convenience the signature to −−−+. One gets
ds2 = −θ1 ⊗ θ1 − θ2 ⊗ θ2 − r21θ3 ⊗ θ3 + r22θ4 ⊗ θ4. (3.5)
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In this way a symmetric part of a metric has the following shape
g(µν) =

−1 0 0 0
0 −1 0 0
0 0 −r21 0
0 0 0 r22
 ; (3.6)
g(µν) =

−1 0 0 0
0 −1 0 0
0 0 − 1
r21
0
0 0 0 1
r22
 (3.7)
is an inverse tensor for g(µν).
Now we rename variables such that 1− x, 2− y and of course r21r22 = y2. One gets
θ1 = f−1/2eγ dx = en dx, θ2 = f−1/2eγ dy = en dy, (3.8)
e2n = f−1e2γ . (3.9)
The frame considered by us is nonholonomical and we get
dθ1 = −e−n ∂n
∂y
θ1 ∧ θ2 (3.10)
dθ2 = −e−n ∂n
∂x
θ1 ∧ θ2 (3.11)
dθ3 = 0
dθ4 = −en ∂ω
∂x
θ1 ∧ θ3 − en ∂ω
∂y
θ2 ∧ θ3. (3.12)
We can recapitulate it in a one formula
dθµ =
1
2
Cµαβθ
α ∧ θβ (3.13)
C112 = −C121 = −2e−n ∂n
∂y
(3.14)
C212 = −C221 = 2en ∂n
∂x
(3.15)
C413 = −C431 = −2 ∂ω
∂x
e−n (3.16)
C423 = −C432 = −2 ∂ω
∂y
e−n. (3.17)
The remaining coefficients are zero.
Now we calculate a Levi-Civita connection coefficients induced by (3.6) in our nonholonomic
frames from the formulas
0 = D˜gµν = dgµν − Γ˜αµβgανθβ − Γ˜ανβgµαθβ (3.18)
0 = D˜θµ. (3.19)
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One gets
Γ˜ 331 = Γ˜
3
13 =
r1,1
r1
= e−n
∂r1
∂x
1
r1
Γ˜ 332 = Γ˜
3
23 =
r1,2
r1
= e−n
∂r1
∂y
1
r1
Γ˜ 134 = Γ˜
1
43 =
1
2
r22C
4
13 = −1
2
e−nr22
∂ω
∂x
Γ˜ 234 = Γ˜
2
43 =
1
2
r22C
4
23 = −1
2
e−nr22
∂ω
∂y
Γ˜ 413 = −Γ˜ 431 = 1
2
C413 = −1
2
e−n
∂ω
∂x
Γ˜ 423 = −Γ˜ 432 = 1
2
C423 = −1
2
e−n
∂ω
∂y
Γ˜ 133 = −r1r1,1 = −e−nr1 ∂r1
∂x
Γ˜ 233 = −r1r1,2 = −e−nr1 ∂r1
∂y
Γ˜ 144 = r2r2,1 = e
−nr2
∂r2
∂x
Γ˜ 244 = r2r2,2 = e
−nr2
∂r2
∂y
Γ˜ 341 = Γ˜
3
14 = − r
2
2
2r21
C413 =
r22
2r21
e−n
∂ω
∂x
Γ˜ 342 = Γ˜
3
24 = − r2
2r21
C423 =
r22
2r21
e−n
∂ω
∂y
Γ˜ 441 = Γ˜
4
14 =
r2,1
r2
=
1
r2
e−n
∂r2
∂x
Γ˜ 442 = Γ˜
4
24 =
r2,2
r2
=
1
r2
e−n
∂r2
∂y
Γ˜ 121 = e
−n ∂n
∂y
Γ˜ 211 = −e−n ∂n
∂y
Γ˜ 212 = e
n ∂n
∂x
Γ˜ 122 = −e−n ∂n
∂x
.
(3.20)
Let us introduce a skew-symmetric part of the metric in the mentioned nonholonomic frame
g[µν] =

0 0 0 b
√
f
0 0 0 0
0 0 0 0
−b√f 0 0 0
 (3.21)
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In this way our nonsymmetric metric (axially-symmetric and stationary) takes a form
gµν =

−1 0 0 b√f
0 −1 0 0
0 0 −r21 0
−b√f 0 0 r22
 . (3.22)
b is a function of z and ρ (or r). In our contemporary notation it is a function of x and y only.
If we define g[µν] = Kµν we can define a very important object
Kωµν = ∇˜ωKνµ + ∇˜µKων + ∇˜νKωµ (3.23)
and we get
K214 = −∇˜2K14
K141 = 2∇˜1K14
K241 = −K214 = ∇˜K14.
(3.24)
The remaining Kωµν equal zero.
Kωµν are important in order to construct a connection Γ
µ
αβ compatible with a full nonsym-
metric metric gµν .
In order to calculate a curvature tensor for the connection Γ˜µαβ (we should remember that
we are working in an unholonomic frame) we write down
Ωαβ = dω
α
β + ω
α
γ ∧ ωγb (3.25)
ωαβ = Γ
α
βµθ
µ. (3.26)
One gets
Ωαβ = −Γαβ[ρ,σ]θρ ∧ θ +
1
2
ΓαβγC
γ
ρσθ
ρ ∧ θσ + Γαγ[ρΓ γ|β|σ]θρ ∧ θσ. (3.27)
For
Ωαβ =
1
2
Rαβρσθ
ρ ∧ θσ (3.28)
one gets
Rαβρσ = −2Γ β[ρσ] + ΓαβγCγρσ + 2Γαγ[ρΓ γ|β|σ]
= −Γαβρ,σ + Γαβσ,ρ + ΓαγρΓ γβσ − ΓαγσΓ γβρ + ΓαβγCγβσ, (3.29)
,γ means an action of a vector field dual to θ
γ . We suppose the following shape of Fµν tensor
Fµν =

0 0 0 e−mf ∂a3∂x
0 0 0 e−mf ∂a3∂y
0 0 0 0
−e−mf ∂a3∂x −e−mf ∂a3∂y 0 0
 (3.30)
We have the following relation:
n = m− 12 log f.
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In Appendix A we calculate using symbolic manipulations inMathematica all important quan-
tities in our theory.
Let us write down field equations for axially-symmetric, stationary field configurations in the
Nonsymmetric Kaluza–Klein Theory. All independent equations are written down below. We
use of course our programme to calculate R(αβ), R[αβ],
em
T (αβ),
em
T [αβ], W
µν . We get some zeros
em
T (13) =
em
T (34) =
em
T [13] =
em
T [23] =
em
T [34] =W
13 =W 23 =W 34 = 0.
R11 = 8pi
em
T 11
or
1
8ρ2f2
(
4ρ2bf5
(
2
∂b
∂z
∂m
∂z
+ b3
(∂m
∂z
)2
+ b
∂2m
∂z2
)
+ e2mρ2b2
(
(1 + b2)
(∂f
∂z
)2
+ 2b2
(∂f
∂ρ
)2)
+ emρ2bf
(
b(1 + 2b2)(4 + 2b2 + b4)
(∂f
∂z
)2
+ 4b5
(∂f
∂ρ
)2
+ 2em
(
2(1 + b2)
∂b
∂z
∂f
∂z
+ b2
∂f
∂ρ
(
4
∂b
∂ρ
+ b
∂f
∂ρ
)))
+ 2f6
(
−2b2
(∂ω
∂z
)2
+ (−2− b2 + 6b4)
(∂ω
∂ρ
)2)
+ ρ2f2
(
4e2m(1 + b2)
(∂b
∂z
)2
+ 2emb3(−2 + 5b2 + 2b4)∂b
∂z
∂f
∂z
+ 2
(
4 + b2(2 + b2)2
)(∂f
∂z
)2
+ 2(6 + 5b2 − 2b4 + b8)
(∂f
∂ρ
)2
+ 8e2mb2
∂b
∂ρ
(∂b
∂ρ
+ b
∂f
∂ρ
)
+ emb
(
−16∂b
∂ρ
∂f
∂ρ
+ b
(
(2 + 2b2 + b4)
(∂f
∂z
)2 − 2(1 + 4b2 + 2b4)∂f
∂z
∂m
∂z
− 2(1 + 2b2)∂f
∂z
+ 8b3
∂b
∂ρ
∂f
∂ρ
+ 2(2 + 2b2 + b4)
(∂f
∂ρ
)2 − 4∂2f
∂ρ2
)))
+ 2ρf3
(
4e2mρb2
(∂b
∂ρ
)2 − em(2(ρ+ 6ρb2)(∂b
∂z
)2
+ ρb
∂b
∂z
(
−(−2 + 2b2 + b4)∂f
∂z
+ 2(1 + 4b2 + 2b4)
∂m
∂z
)
+ 4ρ
(∂b
∂ρ
)2 − 2ρb5 ∂b
∂ρ
∂f
∂ρ
+ 4ρb3
(∂2b
∂z2
− ∂b
∂ρ
∂f
∂ρ
)
+ b4
(
ρ
∂f
∂z
∂m
∂z
+ 2
∂f
∂ρ
(
1 + ρ
∂m
∂ρ
))
+ b2
(
ρ
∂f
∂z
∂m
∂z
+ ρ
∂2f
∂z2
+ 2
∂f
∂ρ
(
1 + ρ
∂m
∂ρ
))
+ 2ρb
(∂2b
∂z2
− 2∂b
∂ρ
∂f
∂ρ
+ 2
∂2b
∂z2
))
+ ρ
(
b
∂f
∂z
(
−4∂b
∂z
− b(4 + 6b2 + 5b4 + 2b6)∂m
∂z
)
−2(2+b2)∂
2f
∂z2
−4b(3+2b2)∂b
∂ρ
∂f
∂ρ
−b2(2+3b2+b4)
(∂f
∂ρ
)2
+2b2(1+b2)
∂f
∂ρ
∂m
∂ρ
−2(2+3b2+b4)∂
2f
∂ρ2
))
+ 2ρf4
(
−2emρ
(∂b
∂z
)2 − 2ρb(−2 + em + (−8 + em)b2)∂b
∂z
∂m
∂z
+ ρb6
∂m
∂z
(
−∂f
∂z
+ 4
∂m
∂z
)
− 4∂m
∂ρ
− 4emb3 ∂b
∂ρ
(
1 + ρ
∂m
∂ρ
)
+ 2b
(
−emρ∂
2b
∂z2
− 2(−2 + em)∂b
∂ρ
(
1 + ρ
∂m
∂ρ
))
+ 2b4
(
∂f
∂ρ
+ ρ
(
−∂f
∂z
∂m
∂z
+
(∂m
∂z
)2
+ 2
∂2m
∂z2
+
∂f
∂ρ
∂m
∂ρ
))
+ 4ρ
(∂2m
∂z2
+
∂2m
∂ρ2
)
14
+ 2b2
(∂f
∂ρ
− 2∂m
∂ρ
+ ρ
(∂m
∂z
(∂f
∂z
+
∂m
∂z
)
+
∂2m
∂z2
+
∂f
∂ρ
∂m
∂ρ
+ 2
∂2m
∂ρ2
))))
=
1
(−1 + b2)2 f
(
(1 + 2b2 − 5b4 + 2b6)
(∂a3
∂z
)2
+ (−1 + 3b2)
(∂a3
∂ρ
)2)
. (3.31)
R(12) = 8pi
em
T (12)
or
1
16ρ2f2
(
4ρ2b8f2
∂f
∂z
∂f
∂ρ
+ 2emρb5f2
(
4ρ
∂f
∂z
∂b
∂ρ
+
∂b
∂z
(
−9ρ∂f
∂ρ
+ f
(
4 + ρ
∂f
∂ρ
+ 6ρ
∂m
∂ρ
)))
+ 2ρb3f
(
e2mρ(−1 + f)
(∂f
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
− 8ρf2
(∂f
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
+ emf
(
4ρ
∂f
∂z
∂b
∂ρ
− 7ρ∂b
∂z
∂f
∂ρ
− 2f2
(
−ρ∂m
∂z
∂b
∂ρ
+
∂b
∂z
(
1 + 2ρ
∂m
∂ρ
))
+ f
(
2ρ
(
−∂f
∂z
+
∂m
∂z
)∂b
∂ρ
+
∂b
∂z
(
6 + 5ρ
∂f
∂ρ
+ 2ρ
∂m
∂ρ
))))
+ 8f2
(
ρf
∂f
∂z
− 2ρf2∂m
∂z
− e2mρ2 ∂b
∂z
∂b
∂ρ
+ emρ2(−1 + f)f ∂b
∂z
∂b
∂ρ
+ρ2
∂f
∂z
∂f
∂ρ
−f4∂ω
∂z
∂ω
∂ρ
)
+ b6f
(
2ρf2
(
−ρ∂f
∂z
∂f
∂ρ
+
∂m
∂z
(
−4f +ρ(9+f)∂f
∂ρ
)
+2ρ
(∂f
∂z
−3f ∂m
∂z
)∂m
∂ρ
)
+ emρ
∂f
∂z
(
−5ρ∂f
∂ρ
+ f
(
4 + ρ
∂f
∂ρ
+ 6ρ
∂m
∂ρ
))
− 2f5∂ω
∂z
∂ω
∂ρ
)
+ 4ρbf
(
−e2mρ
(∂f
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
+2f2
(
2f
∂b
∂z
−2ρ
(∂f
∂z
−f ∂m
∂z
)∂b
∂ρ
−ρ(1+f)∂b
∂z
∂f
∂ρ
)
−emf
(
2ρ
∂f
∂z
∂b
∂ρ
+3ρ
∂b
∂z
∂f
∂ρ
+f
(
−∂b
∂z
(
1+6ρ
∂f
∂ρ
)
+ 2ρ
∂2b
∂ρ∂z
)
+ f2
(∂b
∂z
(
1 + 4ρ
∂m
∂ρ
)
− 2ρ
(∂m
∂z
∂b
∂ρ
+
∂2b
∂ρ∂z
))))
+ b4
(
−e2mρ2∂f
∂z
∂f
∂ρ
+ em(−3 + em)ρ2f ∂f
∂z
∂f
∂ρ
− 4ρf5 ∂m
∂z
(
1 + 2ρ
∂m
∂ρ
)
+ 2ρf4
(∂m
∂z
(
−2 + 5ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)
+
∂f
∂z
(
2 + 4ρ
∂m
∂ρ
))
+ ρf2
(
2emρ
∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
(−14 + 3em)ρ∂f
∂ρ
+ 2em
(
3 + ρ
∂m
∂ρ
)))
+ 12f6
∂ω
∂z
∂ω
∂ρ
− 2ρf3
(∂f
∂z
(
2 + em + 5ρ
∂f
∂ρ
+ 2(−3 + em)ρ∂m
∂ρ
)
− ρ
(
(5 + em)
∂m
∂z
∂f
∂ρ
− 4 ∂
2f
∂ρ∂z
)))
+ 2b2
(
e2mρ2
(
2(−1 + f)f2 ∂b
∂z
∂b
∂ρ
− ∂f
∂z
∂f
∂ρ
)
− emρf
(
ρ
∂f
∂z
∂f
∂ρ
+ f
(
−∂f
∂z
(
1 + 2ρ
∂f
∂ρ
)
+ 2ρ
∂2f
∂ρ∂z
)
+f2
(∂f
∂z
(
1+4ρ
∂m
∂ρ
)
−2ρ
(∂m
∂z
∂f
∂ρ
+
∂2f
∂ρ∂z
)))
+2f3
(
−ρf2∂m
∂z
+ρ
∂f
∂z
(
2+f−2ρ∂f
∂ρ
+2ρ(1+f)
∂m
∂ρ
)
+ f3
∂ω
∂z
∂ω
∂ρ
+ 3ρ2
(∂m
∂z
∂f
∂ρ
− ∂
2f
∂ρ∂z
)
− ρf
(∂m
∂z
(
3 + 2ρ
∂m
∂ρ
)
+ ρ
( ∂2f
∂ρ∂z
− 2 ∂
2m
∂ρ∂z
)))))
=
2f ∂a3∂z
∂a3
∂ρ
−1 + b2 . (3.32)
R(13) = 0
or
15
116ρ2
√
f
(
8ρ2f2
∂b
∂z
∂ω
∂z
− 4ρ2b7f ∂f
∂ρ
∂ω
∂ρ
− 2emb4f
(
(2ρ2 + f)
∂b
∂z
∂ω
∂z
+ 4ρ2
∂b
∂ρ
∂ω
∂ρ
)
+ 2b2f
(
em(−ρ2 + (−1 + ρ2)f)∂b
∂z
∂ω
∂z
+ 4ρ2(em − 3f)∂b
∂ρ
∂ω
∂ρ
)
+ 4ρbf
(
ρ
(
5
∂f
∂z
− 2f ∂m
∂z
)∂ω
∂z
+ 2ρf
∂2ω
∂z2
+ 2f
(
−1 + ρ∂m
∂ρ
)∂ω
∂ρ
)
+ b5
(
−
(
4ρ2f + em(2ρ2 + f)
)∂f
∂z
∂ω
∂z
− 4emρ2 ∂f
∂ρ
∂ω
∂ρ
+ 2f
(
f(2ρ2 + f)
∂m
∂z
∂ω
∂z
− 3ρ
(
−2f + ρ∂f
∂ρ
)∂ω
∂ρ
))
+ b3
((
em(−ρ2 + (−1 + ρ2)f)
− 2f(3ρ2 + (1 + ρ2)f)
)∂f
∂z
∂ω
∂z
+ 4emρ2
∂f
∂ρ
∂ω
∂ρ
+ 2f
(
(1 + ρ2)f2
∂m
∂z
∂ω
∂z
− 16ρ2 ∂f
∂ρ
∂ω
∂ρ
+ ρf
(
3ρ
∂m
∂z
∂ω
∂z
+ 2
(
7 + 4ρ
∂m
∂ρ
)∂ω
∂ρ
− 4ρ∂
2ω
∂ρ2
))))
= 0 (3.33)
R(14) = 8pi
em
T (14)
or
1
32ρ4f3/2
(
8ρ4b7f2
(∂f
∂ρ
)2
+ 16emρ4b4f2
(∂b
∂z
∂f
∂z
+ 2
∂b
∂ρ
∂f
∂ρ
)
+ 4ρ4b2f
(
em
∂b
∂z
((
2 + f − 2f2 + em(1 + f)
)∂f
∂z
+ 2f(−1 + 2f2)∂m
∂z
)
+ 2
(
4e2m + 2emf + 3f2
)∂b
∂ρ
∂f
∂ρ
)
+ 8ρ2b5f
(
ρ2(em + 2f)
(∂f
∂z
)2 − 4ρ2f2∂f
∂z
∂m
∂z
+ ρ2(2em + f)
(∂f
∂ρ
)2
+ 2f5
(∂ω
∂ρ
)2)
+ 16ρ4f3
(∂b
∂z
(
−∂f
∂z
+ f
∂m
∂z
)
+ em
∂2b
∂ρ2
)
+ 4ρ2bf
(
e2mρ2f
(
(1 + f)
(∂b
∂z
)2
+ 8
(∂b
∂ρ
)2)− 2f(−ρ2(∂f
∂z
)2 − 3ρ2f ∂f
∂z
∂m
∂z
+ 2
(
ρ2f2
((∂m
∂z
)2 − ∂2m
∂z2
)
− ρ2
(∂f
∂ρ
)
2 + ρf
(
ρ
∂2f
∂z2
+
∂f
∂ρ
(
1 + ρ
∂m
∂ρ
))
+ f4
((∂ω
∂z
)2
+
(∂ω
∂ρ
)2)))
+ emρ2
(
−3
(∂f
∂ρ
)2
+2f
∂2f
∂ρ2
))
+ b3
(
ρ4
(
em(4+ em)+ f
(
8+ em(2+ em)+4f(2− em + f)
))(∂f
∂z
)2
− 4ρ4f
(
em + f(4 + f(5− 2em + 2f))
)∂f
∂z
∂m
∂z
+ 4
(
3ρ4f4
(∂m
∂z
)2 − ρ4f5(∂m
∂z
)2
+ 2e2mρ4
(∂f
∂ρ
)2
+ 2emρ4f
(∂f
∂ρ
)2
+ 5ρ4f2
(∂f
∂ρ
)2
+ ρ2f6
((∂ω
∂z
)2
+ 2
(∂ω
∂ρ
)2)
+ f7
((∂ω
∂z
)2
+ 4
(∂ω
∂ρ
)2)
+ 2ρ3f3
(
ρ
(∂m
∂z
)2 − ∂f
∂ρ
(
2 + 3ρ
∂m
∂ρ
)
+ ρ
∂2f
∂ρ2
))))
= −2bf3/2
(∂a3
∂z
)2
. (3.34)
R22 = 8pi
em
T 22
or
16
116ρ2f2
(
e2mρ2b2(−2− 3b2 + b4 + 2b6)
(∂f
∂z
)2
+ emρ2bf
∂f
∂z
(
4em(−2− 3b2 + b4 + 2b6)∂b
∂z
+b
(
4+b2(10+4b4−em(1+b2))
)∂f
∂z
)
+4(−2+b2)f6
(∂ω
∂z
)2
+4ρ2bf5
(
4
∂b
∂z
∂m
∂z
+b3(−1+b2)
(∂m
∂z
)2
+2b
∂2m
∂z2
)
+2ρ2f2
(
2e2m(−2− 3b2+ b4+2b6)
(∂b
∂z
)2− 2emb(2+ b2(7− 2b4+ em(1+ b2)))∂b
∂z
∂f
∂z
+ 2(6 − 3b2 − 2b4 + b6 + b8)
(∂f
∂z
)2 − 4(−2 + b2)(∂f
∂ρ
)2 − emb2(−(−2 + 2b2 + b4)(∂f
∂z
)2
+2(1− b4+2b6)∂f
∂z
∂m
∂z
+(2+4b2)
∂2f
∂z2
+4
(∂f
∂ρ
)2))− 4ρf3(emρ(2+ b2(12+ em(1+ b2)))(∂b
∂z
)2
− 2ρb6 ∂f
∂z
∂m
∂z
+ 2ρb8
∂f
∂z
∂m
∂z
+ ρb
∂b
∂z
((
4 + 8b2 − em(2 + 2b2 + b4)
)∂f
∂z
+ 2em(1− b4 + 2b6)∂m
∂z
)
+ 4emρb3
∂2b
∂z2
+ ρb4
(∂f
∂z
2 + (−5 + em)∂f
∂z
∂m
∂z
+ 2
∂2f
∂z2
)
+ 2emρb
(∂2b
∂z2
+ 2
∂b
∂ρ
∂f
∂ρ
)
− b2
(
(6 + em)ρ
∂f
∂z
∂m
∂z
+ (−2 + em)ρ∂
2f
∂z2
+ 2
∂f
∂ρ
(
−2 + ρ
(∂f
∂ρ
+ (1 + em)
∂m
∂ρ
)))
+ 4
(∂f
∂ρ
+ ρ
(∂2f
∂z2
+
∂2f
∂ρ2
)))
+ 4ρf4
(
2emρ
(∂b
∂z
)2
+ 2ρb8
(∂m
∂z
)2 − ρb6 ∂m
∂z
(∂f
∂z
+ 3
∂m
∂z
)
− 2ρb ∂b
∂z
(
2
∂f
∂z
+
(
−2− em + (−8 + em)b2
)∂m
∂z
)
+ ρb4
(
2
∂f
∂z
∂m
∂z
−
(∂m
∂z
)2
+ 4
∂2m
∂z2
)
+ 2emρb
(∂2b
∂z2
+ 2
∂b
∂ρ
∂m
∂ρ
)
+ 2b2
(
ρ
((∂f
∂z
− ∂m
∂z
)∂m
∂z
− ∂
2f
∂z2
+
∂2m
∂z2
)
+
(
2− ρ∂f
∂ρ
)∂m
∂ρ
)
+ 4
(∂m
∂ρ
+ ρ
(∂2m
∂z2
+
∂2m
∂ρ2
))))
=
f
(
(1− 4b2 + 3b4)(∂a3∂z )2 − (1 + b2)(∂a3∂ρ )2
)
(−1 + b2)2 . (3.35)
R(23) = 0
or(
−8ρ2f2 ∂b
∂z
∂ω
∂ρ
+ 2emb4f(7ρ2 + (2 + ρ2)f)
∂b
∂z
∂ω
∂ρ
− 2b2f
(
12ρ2f + em(−5ρ2 + (−2 + ρ2)f)
)∂b
∂z
∂ω
∂ρ
+ b5
(
(−2ρ2f(1 + f) + em(7ρ2 + (2 + ρ2)f)
)∂f
∂z
+2f2(ρ2+(−2+ρ2)f)∂m
∂z
)∂ω
∂ρ
+4ρbf
(
−ρ
(
2
∂ω
∂z
∂f
∂ρ
+3
∂f
∂z
∂ω
∂ρ
)
+2f
(
2
∂ω
∂z
(
−1+ρ∂m
∂ρ
)
−ρ ∂
2ω
∂ρ∂z
))
+b3
(
−em(−5ρ2+(−2+ρ2)f)∂f
∂z
∂ω
∂ρ
−2f
(
ρ2
(∂ω
∂z
∂f
∂ρ
+9
∂f
∂z
∂ω
∂ρ
)
+f2
(
2
∂ω
∂z
∂m
∂ρ
+(−2+ρ2)∂m
∂z
∂ω
∂ρ
)
− f
(
2
∂ω
∂z
(
ρ+
∂f
∂ρ
)
+
(
(−2 + ρ2)∂f
∂z
+ 3ρ2
∂m
∂z
)∂ω
∂ρ
− 4ρ2 ∂
2ω
∂ρ∂z
))))
= 0 (3.36)
R(24) = 8pi
em
T (24)
or
17
116ρ4f3/2
(
4emρ4b6f2
∂b
∂z
∂f
∂ρ
+ 2ρ4b7f
(
(em + 2f)
∂f
∂z
− 2f2∂m
∂z
)∂f
∂ρ
+ 2emρ4b4f
(
2(em + 2f)
∂f
∂z
∂b
∂ρ
+ 2em
∂b
∂z
∂f
∂ρ
− f
(
9
∂b
∂z
∂f
∂ρ
+ f
(
4
∂m
∂z
∂b
∂ρ
+
∂b
∂z
(∂f
∂ρ
− 10∂m
∂ρ
))))
+ 2ρ4b2f
(
6f2
∂b
∂z
∂f
∂ρ
− e2m(−1 + f)
(∂f
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
+ em
(
−4∂b
∂z
∂f
∂ρ
+ f
(
2(4 + f)
∂f
∂z
∂b
∂ρ
− 5∂b
∂z
∂f
∂ρ
+ f
(
−6(1 + f)∂m
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
+ 2(2 + 3f)
∂b
∂z
∂m
∂ρ
)))
+ ρ2b5
(
ρ2
∂f
∂z
((
2e2m + 2(−2 + f)f2 − emf(5 + f)
)∂f
∂ρ
+ 10f2(em + 2f)
∂m
∂ρ
)
+ 2f2
(
−ρ2∂m
∂z
(
(2em + (−5 + f)f)∂f
∂ρ
+ 10f2
∂m
∂ρ
)
+ f4
∂ω
∂z
∂ω
∂ρ
))
+ 4ρ4f2
(
2f
(
−f ∂m
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
)
+ em
(
−∂f
∂z
∂b
∂ρ
+
∂b
∂z
∂f
∂ρ
+ 2f
∂2b
∂ρ∂z
))
+ b3
(
e2mρ4
(
8f2
∂b
∂z
∂b
∂ρ
− (−1 + f)∂f
∂z
∂f
∂ρ
)
+ emρ4
(
−6f2(1 + f)∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
(−4+3f(1+ f))∂f
∂ρ
+2f(2+3f)
∂m
∂ρ
))
+2f
(
−4ρ4 ∂f
∂z
∂f
∂ρ
+ ρ3f3
∂m
∂z
(
−4+3ρ∂f
∂ρ
− 6ρ∂m
∂ρ
)
+ ρ4f
(
−
(∂f
∂z
− 4∂m
∂z
)∂f
∂ρ
+ 4
∂f
∂z
∂m
∂ρ
)
+ 2ρ2f5
∂ω
∂z
∂ω
∂ρ
+ 2f6
∂ω
∂z
∂ω
∂ρ
+ ρ4f2
(
−
(∂f
∂z
− 7∂m
∂z
)∂f
∂ρ
− 4∂m
∂z
∂m
∂ρ
+ 2
∂2f
∂ρ∂z
)))
+ 2ρ3bf
(
−2e2mρ(−1 + f)f ∂b
∂z
∂b
∂ρ
+ emρ
(
−3∂f
∂z
∂f
∂ρ
+ 2f
∂2f
∂ρ∂z
)
+ 2f
(
ρ
∂f
∂z
∂f
∂ρ
− ρf
(∂m
∂z
∂f
∂ρ
+ 4
∂f
∂z
∂m
∂ρ
− 2 ∂
2f
∂ρ∂z
)
+ 2f2
(∂m
∂z
(
−1 + ρ∂m
∂ρ
)
− ρ ∂
2m
∂ρ∂z
))))
= −
2bf3/2 ∂a3∂z
∂a3
∂ρ
−1 + b2 . (3.37)
R33 = 8pi
em
T 33
or
1
8ρ2f2
(
4emρ4b3f
∂b
∂z
∂f
∂z
− 2emρ3bf
(
ρ(−1 + f)∂b
∂z
∂f
∂z
+ 2f
∂b
∂ρ
(
−2f + ρ∂f
∂ρ
))
+4ρ2b8f5
(∂ω
∂ρ
)2
+4b6f5(−2ρ2+ f)
(∂ω
∂ρ
)2
+2b4
(
ρ4(em+ f)
(∂f
∂z
)2− 2ρ4f2∂f
∂z
∂m
∂z
− 2f6
(∂ω
∂ρ
)2)
+ b2
(
−ρ4(em(−1 + f)− 2f(1 + f))
(∂f
∂z
)2 − 2ρ4f2(1 + f)∂f
∂z
∂m
∂z
+ 2f
(
−emρ4
(∂f
∂ρ
)2
− 2ρ3f2
(∂f
∂ρ
− 2∂m
∂ρ
)
+ ρ3f
∂f
∂ρ
(
2em + ρ
∂f
∂ρ
− 2ρ∂m
∂ρ
)
+ 2ρ2f4
(∂ω
∂ρ
)2
+ f5
((∂ω
∂z
)2
+2
(∂ω
∂ρ
)2)))
− 4ρ2f
(
−ρ2
(∂f
∂z
)2 − ρ2(∂f
∂ρ
)2
+ f4
((∂ω
∂z
)2
+
(∂ω
∂ρ
)2)
+ ρf
(∂f
∂ρ
+ ρ
(∂2f
∂z2
+
∂2f
∂ρ2
))))
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=
ρ2(1 + b2)
(
(−1 + b2)(∂a3∂z )2 − (∂a3∂ρ )2
)2
(−1 + b2)2 (3.38)
R(34) = 0
or(
−8ρ3b8f2∂f
∂ρ
∂ω
∂ρ
+ 4ρbf
((
−2f3 + emρ2(−1 + (−1 + f)f)
)∂b
∂z
∂ω
∂z
+ 2((1 + em)ρ2 − 2f)f2 ∂b
∂ρ
∂ω
∂ρ
)
− 2emρb5f2
(
−f ∂b
∂z
∂ω
∂z
+ 4ρ2(1 + f)
∂b
∂ρ
∂ω
∂ρ
)
+ 2ρb3f2
(
−em(6ρ2 + f2)∂b
∂z
∂ω
∂z
+ 2
(
−8ρ2f + em(3ρ2 + (ρ2 − 2f)f)
)∂b
∂ρ
∂ω
∂ρ
)
+ρb6f
(
−2f3∂m
∂z
∂ω
∂z
+2ρf
(
11ρ
∂f
∂ρ
+2f
(
−1+ρ∂f
∂ρ
−2ρ∂m
∂ρ
))∂ω
∂ρ
+em
(
f
∂f
∂z
∂ω
∂z
−4ρ2(1+f)∂f
∂ρ
∂ω
∂ρ
))
+ 8ρ2f2
(
2ρ
∂f
∂z
∂ω
∂z
+ 2ρ
∂f
∂ρ
∂ω
∂ρ
+ f
(
−∂ω
∂ρ
+ ρ
(∂2ω
∂z2
+
∂2ω
∂ρ2
)))
+ b4f
(
−ρ(8ρ2f − 2f3 + em(6ρ2 + f2))∂f
∂z
∂ω
∂z
+ 2emρ(3ρ2 + (ρ2 − 2f)f)∂f
∂ρ
∂ω
∂ρ
− 2f
(
ρf3
∂m
∂z
∂ω
∂z
+ 7ρ3
∂f
∂ρ
∂ω
∂ρ
+ 2f2
(
2− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
)∂ω
∂ρ
+ f
(
−6ρ3 ∂m
∂z
∂ω
∂z
+ ρ
(
(−6 + ρ2)∂f
∂ρ
− 2ρ2 ∂m
∂ρ
)∂ω
∂ρ
+ 4ρ3
∂2ω
∂ρ2
)))
+ 2b2
(
emρ3
(
(−1 + (−1 + f)f)∂f
∂z
∂ω
∂z
+ 2f2
∂f
∂ρ
∂ω
∂ρ
)
− 2f
(
ρ
(
ρ2 + f(ρ2 + (2 + ρ2)f)
)∂f
∂z
∂ω
∂z
+ f
(
−ρ3(1 + f + f2)∂m
∂z
∂ω
∂z
+ ρ3
∂f
∂ρ
∂ω
∂ρ
+ f2
(
ρ
∂2ω
∂z2
− 4∂ω
∂ρ
+ 2ρ
∂2ω
∂ρ2
)
+ ρf
((
(4 + ρ2)
∂f
∂ρ
− ρ
(
1 + 2ρ
∂m
∂ρ
))∂ω
∂ρ
− ρ2 ∂
2ω
∂ρ2
)))))
= 0 (3.39)
R44 = 8pi
em
T 44
or
1
16ρ4f2
(
8emρ4b7f3
∂b
∂z
∂f
∂z
+ 4emρ4b5f2
(
(1 + 3f + 2em(1 + f))
∂b
∂z
∂f
∂z
+ 2f(3 + 2f)
∂b
∂ρ
∂f
∂ρ
)
+ 4ρ4b8f2
(
(em + 2f)
(∂f
∂z
)2 − 2f2∂f
∂z
∂m
∂z
+ 2f
(∂f
∂ρ
)2)
+ 2ρ3b6f
(
ρ
(
em(1 + em) + (1 + em)(2 + em)f − 4f3
)(∂f
∂z
)2
+ 2ρf2(−1 + f + 4f2)∂f
∂z
∂m
∂z
+2f
(
emρ(3+2f)
(∂f
∂ρ
)2−2f(ρf2(∂m
∂z
)2
+ρf3
(∂m
∂z
)2
+4ρ
(∂f
∂ρ
)2
+f
∂f
∂ρ
(
−2+ρ∂f
∂ρ
−2ρ∂m
∂ρ
))))
+ 4ρ3b3f
(
ρ
∂b
∂z
((
16f3 − emf(−1 + (−2 + f)f) + e2m(1 + f2)
)∂f
∂z
+ 2(3em − 8f)f3∂m
∂z
)
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+4f
(
4ρf2
∂b
∂ρ
∂f
∂ρ
+ e2mρ(1+ f)
∂b
∂ρ
∂f
∂ρ
+ emf
(
−3ρ∂b
∂ρ
∂f
∂ρ
+ f
(
ρ
∂2b
∂z2
+
∂b
∂ρ
(
1− ρ∂f
∂ρ
+ ρ
∂m
∂ρ
)))))
+ 4ρ3bf2
(
ρ
∂b
∂z
(
−(2e2m − 4f + em(2 + f + f2))∂f
∂z
+ 2(em − 2f)f(1 + f)∂m
∂z
)
− 4e2mρ∂b
∂ρ
∂f
∂ρ
− 4ρf2 ∂b
∂ρ
∂f
∂ρ
+ 2emf
(
ρ(1 + f)
∂2b
∂z2
+
∂b
∂ρ
(
−2ρ∂f
∂ρ
+ f
(
2− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
))
+ 2ρf
∂2b
∂ρ2
))
+ 8ρ2f3
(
ρ2
(∂f
∂z
)2 − f4(∂ω
∂z
)2 − ρ2f ∂2f
∂z2
− e2mρ2
((∂b
∂z
)2
+ 2
(∂b
∂ρ
)2)
+ emρ2
(
(1 + f)
(∂b
∂z
)2
+ 2f
(∂b
∂ρ
)2)− ρf ∂f
∂ρ
+ ρ2
(∂f
∂ρ
)2 − f4(∂ω
∂ρ
)2 − ρ2f ∂2f
∂ρ2
)
+ ρ2b4
(
e2mρ2
((∂f
∂z
)2
+ f
(
f
(
8f(1 + f)
(∂b
∂z
)2
+
(∂f
∂z
)2)
+ 4(1 + f)
(∂f
∂ρ
)2))
− 2emρf
(
ρ(−1 + f(10 + f))
(∂f
∂z
)2 − 6ρf2∂f
∂z
∂m
∂z
− 4f
(
−3ρ
(∂f
∂ρ
)2
+ f
(
ρ
∂2f
∂z2
+
∂f
∂ρ
(
1− ρ∂f
∂ρ
+ ρ
∂m
∂ρ
))))
+ 4f3
(
−6ρ2
(∂f
∂z
)2
+ ρ2(1 + f)2
∂f
∂z
∂m
∂z
− ρ2f3
(∂m
∂z
)2 − 2ρ2f2((∂m
∂z
)2
+ 2
∂2m
∂z2
)
− 3ρ2
(∂f
∂ρ
)2
+ 2f4
(∂ω
∂ρ
)2
+ ρf
(
−ρ
(∂m
∂z
)2
+ 4ρ
∂2f
∂z2
+
∂f
∂ρ
(
2 + ρ
∂f
∂ρ
− 2ρ∂m
∂ρ
)
+ 4ρ
∂2f
∂ρ2
)))
+ 2b2f
(
e2mρ4
(
2(f + f3)
(∂b
∂z
)2 − (∂f
∂z
)2
+ 8f2(1 + f)
(∂b
∂ρ
)2 − 2(∂f
∂ρ
)2)
+ emρ3
(
24ρf3
(∂b
∂z
)2 − 6ρ(∂f
∂z
)2
+ ρf
(
−5
(∂f
∂z
)2
+ 2
∂f
∂z
∂m
∂z
+ 2
(∂2f
∂z2
− 6
(∂f
∂ρ
)2))
+ f2
(
−ρ
(∂f
∂z
)2
+ 2ρ
∂f
∂z
∂m
∂z
+ 2ρ
∂2f
∂z2
+ 2
∂f
∂ρ
(
2− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
)
+ 4ρ
∂2f
∂ρ2
))
+ 2f
(
ρ4(−4 + f2)
(∂f
∂z
)2
+ ρ4f(2 + f − f2)∂f
∂z
∂m
∂z
+ f
(
−2ρ4f2
((∂m
∂z
)2
+
∂2m
∂z2
)
+ ρ4
(
2
∂2f
∂z2
+ 5
(∂f
∂ρ
)2)
+ ρ2f4
((∂ω
∂z
)2 − (∂ω
∂ρ
)2)
+ f5
((∂ω
∂z
)2
+ 2
(∂ω
∂ρ
)2)
− ρ3f
(
2ρ
∂2m
∂z2
+
∂f
∂ρ
(
4− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
)
+ 2ρ
∂2f
∂ρ2
)))))
= −
(−1 + 3b2)f2
(
(−1 + b2)(∂a3∂z )2 − (∂a3∂ρ )2
)
(−1 + b2)2 . (3.40)
R[34] = const.
or
1
16ρ3
e−2mbf
(
−2ρb3f4∂m
∂z
∂ω
∂z
+ 2emρ3b
(
(1 + b2)
∂f
∂z
∂ω
∂z
+ (2 + b2)
∂f
∂ρ
∂ω
∂ρ
)
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+ ρf
(
2ρ2
(
2b3
∂f
∂z
∂ω
∂z
+ b(−2 + 5b2 + b4)∂f
∂ρ
∂ω
∂ρ
)
+ em
((
4ρ2(1 + b2)
∂b
∂z
+ b5
∂f
∂z
)∂ω
∂z
+ 2ρ2
(
2(2 + b2)
∂b
∂ρ
− b3∂f
∂ρ
)∂ω
∂ρ
))
+ 2f3
(
−ρ(4 + emb2)∂b
∂z
∂ω
∂z
− ρb5∂m
∂z
∂ω
∂z
− 8ρ∂b
∂ρ
∂ω
∂ρ
− 4emρb2 ∂b
∂ρ
∂ω
∂ρ
+ b3
(
ρ
∂f
∂z
∂ω
∂z
+ 2
(
−2 + ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)∂ω
∂ρ
)
− 2b
(
ρ
∂2ω
∂z2
− 4∂ω
∂ρ
+ 2ρ
∂2ω
∂ρ2
))
+ ρf2
(
−emb2
(
b
(
−2b ∂b
∂z
+
∂f
∂z
)∂ω
∂z
+ 4
(
ρ2
∂b
∂ρ
+ b
∂f
∂ρ
)∂ω
∂ρ
)
− 2
(
2ρb5
∂ω
∂ρ
+ 4ρ2
∂b
∂ρ
∂ω
∂ρ
+ b3
(
2ρ2
∂m
∂z
∂ω
∂z
−
(
(6 + ρ2)
∂f
∂ρ
− 2ρ2 ∂m
∂ρ
)∂ω
∂ρ
)
+ 2b
(
2
∂f
∂z
∂ω
∂z
+ ρ2
∂m
∂z
∂ω
∂z
−
(
ρ− 4∂f
∂ρ
)∂ω
∂ρ
+ ρ2
∂2ω
∂ρ2
))))
= c = const. (3.41)
Eq. (3.41) (R[34] = const) is coming from the equations
∂
∂ρ(R[34] − 8pi
em
T [34]) =
∂
∂z (R[43] −
8pi
em
T [34]) = 0 and
em
T [34] = 0.
∂
∂ρ
R[23] −
∂
∂z
R[13] = 0
or
∂
∂ρ
(
1
16ρ2
e−2m
√
f
(
16emρ2f
∂ω
∂z
∂b
∂ρ
+ 8emρ2b
∂ω
∂z
∂f
∂ρ
− 16emρ2b6f ∂b
∂z
∂ω
∂ρ
+ 2emb4f(−5ρ2 + (−2 + ρ2)f)∂b
∂z
∂ω
∂ρ
− 2b2f
(
−24ρ2f + em(−ρ2 + (2 + ρ2)f)
)∂b
∂z
∂ω
∂ρ
− 8ρ2b7
(
(em + f)
∂f
∂z
− 2f2∂m
∂z
)∂ω
∂ρ
+ b5
((
−2ρ2(−1 + f)f + em(−5ρ2 + (−2 + ρ2)f)
)∂f
∂z
+2f2(−3ρ2+(2+ρ2)f)∂m
∂z
)∂ω
∂ρ
+ b3
(
−em(−ρ2+(2+ρ2)f)∂f
∂z
∂ω
∂ρ
+2f
(
ρ2
(
3
∂ω
∂z
∂f
∂ρ
+11
∂f
∂z
∂ω
∂ρ
)
+f2
(
2
∂ω
∂z
∂m
∂ρ
−(2+ρ2)∂m
∂z
∂ω
∂ρ
)
+f
(
2
∂ω
∂z
(
ρ− ∂f
∂ρ
)
+
(
(2+ρ2)
∂f
∂z
−9ρ2∂m
∂z
)∂ω
∂ρ
+8ρ2
∂2ω
∂ρz
)))))
− ∂
∂z
(
1
16ρ2
e−2m
√
f
(
−2b3(1−ρ2+b2)f3∂m
∂z
∂ω
∂z
−emρ2b
(
(4+b2)
∂f
∂z
∂ω
∂z
+4(−1−b2+b4)∂f
∂ρ
∂ω
∂ρ
)
+ f
(
em
((
−2ρ2(4 + b2)∂b
∂z
+ b3(1 + ρ2 + b2)
∂f
∂z
)∂ω
∂z
+ 8ρ2(1 + b2 − b4)∂b
∂ρ
∂ω
∂ρ
)
+ 2ρ2b3
(
−∂f
∂z
∂ω
∂z
+ (12 + 5b2 − 2b4)∂f
∂ρ
∂ω
∂ρ
))
+ 2b2f2
(
em(1 + ρ2 + b2)
∂b
∂z
∂ω
∂z
+ 12ρ2
∂b
∂ρ
∂ω
∂ρ
+ 2ρb3
(
1− 2ρ∂m
∂ρ
)∂ω
∂ρ
+ b
(
−(−1 + ρ2)∂f
∂z
∂ω
∂z
+ ρ
(
3ρ
∂m
∂z
∂ω
∂z
+
(
2− 8ρ∂m
∂ρ
)∂ω
∂ρ
+ 4ρ
∂2ω
∂ρ2
)))))
= 0 (3.42)
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∂∂z
(
8pi
em
T [14] −R[14]
)
+
∂
∂ρ
(
R[24] − 8pi
em
T [24]
)
= 0
or
∂
∂z
(
−
e−2mbf3/2
(
(−1 + b4)(∂a3∂z )2 + (9− 11b2)(∂a3∂ρ )2
)
(−1 + b2)2
− 1
32ρ4f5/2
e−2m
(
−32emρ4b6f2 ∂b
∂z
(
(em + f)
∂f
∂z
− 2f2∂m
∂z
)
− 8ρ4b7f
(
em
∂f
∂z
− 2f2∂m
∂z
)(
(em + 2f)
∂f
∂z
− 2f2∂m
∂z
)
− 8emρ4b4f ∂b
∂z
(
em(1 + f(6 + f))
∂f
∂z
+ f(1 + f(4 + f))
(∂f
∂z
− 2f ∂m
∂z
))
−4emρ3bf2
(
emρ(1 + f)(2 + f)
(∂b
∂z
)2
+ 5ρ
(∂f
∂z
)2
− 4ρf ∂f
∂z
∂m
∂z
− 2ρf ∂
2f
∂z2
− 4f ∂f
∂ρ
+ 6ρ
(∂f
∂ρ
)2 − 4ρf ∂f
∂ρ
∂m
∂ρ
)
− 4emρ3b2f
(
ρ
∂b
∂z
((
em(1 + f)(2 + f) + f(2 + f(7 + 2f))
)∂f
∂z
− 2f2(1 + 2f(3 + f))∂m
∂z
)
− 4f2 ∂b
∂ρ
(
−3ρ∂f
∂ρ
+ 2f
(
1 + ρ
∂m
∂ρ
)))
+ 16emρ3f3
(
−ρ∂b
∂z
(∂f
∂z
− 2f ∂m
∂z
)
− 3ρ∂b
∂ρ
∂f
∂ρ
+ f
(
ρ
∂2b
∂z2
+ 2
∂b
∂ρ
(
1 + ρ
∂m
∂ρ
)))
− 2ρ3b5
(
e2mρ
(
16f3
(∂b
∂z
)2
+ (1 + f(6 + f))
(∂f
∂z
)2)
+ 2emρf(1 + f(4 + f))
∂f
∂z
(∂f
∂z
− 2f ∂m
∂z
)
+ 4f3
(
ρ
(∂f
∂z
)2 − ρ(1 + f)2∂f
∂z
∂m
∂z
+ 2ρf2
(∂m
∂z
)2
+ ρf3
(∂m
∂z
)2
+ 3ρ
(∂f
∂ρ
)2
+ f
(
ρ
(∂m
∂z
)2 − 2∂f
∂ρ
(
1 + ρ
∂m
∂ρ
))))
+ b3
(
−e2mρ4
(
8f2(1 + f(6 + f))
(∂b
∂z
)2
+ (1 + f)(2 + f)
(∂f
∂z
)2)
+2emρ3f
(
−ρ(2+f(7+2f))
(∂f
∂z
)2
+2ρf(1+2f(3+f))
∂f
∂z
∂m
∂z
+4f
∂f
∂ρ
(
−3ρ∂f
∂ρ
+2f
(
1+ρ
∂m
∂ρ
)))
+ 4f3
(
ρ4(−4 + f)
(∂f
∂z
)2
+ ρ4(7− 2f)f ∂f
∂z
∂m
∂z
− 5ρ4f2
(∂m
∂z
)2
+ ρ4f3
(∂m
∂z
)2 − 6ρ4(∂f
∂ρ
)2
+ 4ρ3f
∂f
∂ρ
(
1 + ρ
∂m
∂ρ
)
+ ρ2f4
((∂ω
∂z
)2
+ 2
(∂ω
∂ρ
)2)
+ f5
((∂ω
∂z
)2
+ 4
(∂ω
∂ρ
)2)))))
+
∂
∂ρ
(
1
16ρ4f3/2
e−2m
(
e2mρ4b3(3 + 4b2)
∂f
∂z
∂f
∂ρ
+ emρ4bf
(
(−2− 15b2 − b4 + 6b6)∂f
∂z
∂f
∂ρ
+ emb
(
2(3 + 4b2)
∂b
∂z
∂f
∂ρ
+
∂f
∂z
(
2(3 + 4b2)
∂b
∂ρ
+ (b+ 2b3)
∂f
∂ρ
)))
− 2ρ2b3(2 + b2)f6∂ω
∂z
∂ω
∂ρ
+ 4b3f7
∂ω
∂z
∂ω
∂ρ
+ 2ρ3f3
(
2e2mρ(b+ 2b3)
∂b
∂z
∂b
∂ρ
+ b2
(
−6ρb5 ∂m
∂z
∂f
∂ρ
+ 12ρ
(∂f
∂z
∂b
∂ρ
− ∂b
∂z
∂f
∂ρ
)
+ b
(
3ρ
∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4− ρ∂f
∂ρ
))
+ b3
(
5ρ
∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
)))
+ em
(∂b
∂z
(
4 + b
(
4b(2 + b2) + 8ρ
∂b
∂ρ
− ρ(b+ 3b3)∂f
∂ρ
)
+ 2ρ(4 + 3b2 + b4)
∂m
∂ρ
)
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+ ρ
(
2
(
b2(1 + 2b2)
∂f
∂z
− (4 + b2 + 4b4)∂m
∂z
)∂b
∂ρ
− b3(1 + 2b2)∂m
∂z
∂f
∂ρ
+ 4(−1 + b2) ∂
2b
∂ρ∂z
)))
+ ρ3f2
(
−4ρb3(1 + 2b2)∂f
∂z
∂f
∂ρ
+ 2e2mρb
((
(6 + 8b2)
∂b
∂z
+ b(1 + 2b2)
∂f
∂z
)∂b
∂ρ
+ (b+ 2b3)
∂b
∂z
∂f
∂ρ
)
+ em
(
−2ρb4 ∂b
∂z
∂f
∂ρ
+ 12ρb6
∂b
∂z
∂f
∂ρ
+ 2ρb2
(
6
∂f
∂z
∂b
∂ρ
− 11∂b
∂z
∂f
∂ρ
)
+ 4ρ
(
3
∂f
∂z
∂b
∂ρ
− 7∂b
∂z
∂f
∂ρ
)
+ b5
(
−8ρ∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4+ ρ
∂f
∂ρ
+2ρ
∂m
∂ρ
))
+ b3
(
−2ρ∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
8+ ρ
∂f
∂ρ
+6ρ
∂m
∂ρ
)
+4ρ
∂2f
∂ρ∂z
)
+4b
(∂f
∂z
(
1 + 2ρ
∂m
∂ρ
)
− ρ
(
2
∂m
∂z
∂f
∂ρ
+
∂2f
∂ρ∂z
))))
+ 2ρ3b2f4
(
−2(6 + em)ρ∂m
∂z
∂b
∂ρ
− 4emρb2∂m
∂z
∂b
∂ρ
+ b3
∂m
∂z
(
−4 + ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)
+ b
(∂m
∂z
(
−4 + ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)
−4ρ ∂
2m
∂ρ∂z
)))
−
10e−2mbf3/2 ∂a3∂z
∂a3
∂ρ
−1 + b2
)
= 0 (3.43)
Let us consider the second pair of Maxwell equations in our theory
∂µ∼W
µν = 0
∼W
µν = −∼W νµ,
(3.44)
∼W
µν =
√−g
(
Hµν − 2g[µν ](g[αβ]Fαβ)
)
. One gets
∂
∂ρ
(
2emb
√
f ∂a3∂z
b2 − 1
)
= 0
∂
∂ρ
(
e−m(1 + b2)∂a3∂z
b2 − 1
)
= 0
∂
∂ρ
(e−m∂a3∂ρ
b2 − 1
)
+
∂
∂z
(
e−m(1 + b2)∂a3∂z
b2 − 1
)
= 0
(3.45)
From (3.45) one gets
e−m(1 + b2)∂a3∂z
b2 − 1 = g(z)
2emb
√
f ∂a3∂z
b2 − 1 = h(z)
e−m∂a3∂ρ
b2 − 1 = −
dg
dz
ρ+ C(z)
(3.46)
and eventually
b =
√√√√ g(z)
−dgdz ρ+ C(z)
(3.47)
where g(z), h(z) and C(z) are arbitrary functions of z.
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We can introduce potentials A1 = A1(ρ, z) and A2 = A2(ρ, z) for Eqs (3.42) and (3.43) such
that
R[23] =
∂A1
∂z
, R[13] =
∂A1
∂ρ
and
∂A2
∂ρ
= 8pi
em
T [14] −R[14],
∂A2
∂z
= 8pi
em
T [24] −R[24].
In particular one gets
∂A1
∂z
=
1
16ρ2
e−2m
√
f
(
16emρ2f
∂ω
∂z
∂b
∂ρ
+ 8emρ2b
∂ω
∂z
∂f
∂ρ
− 16emρ2b6f ∂b
∂z
∂ω
∂ρ
+ 2emb4f(−5ρ2 + (−2 + ρ2)f)∂b
∂z
∂ω
∂ρ
− 2b2f
(
−24ρ2f + em(−ρ2 + (2 + ρ2)f)
)∂b
∂z
∂ω
∂ρ
− 8ρ2b7
(
(em + f)
∂f
∂z
− 2f2∂m
∂z
)∂ω
∂ρ
+ b5
((
−2ρ2(−1 + f)f + em(−5ρ2 + (−2 + ρ2)f)
)∂f
∂z
+2f2(−3ρ2+(2+ρ2)f)∂m
∂z
)∂ω
∂ρ
+ b3
(
−em(−ρ2+(2+ρ2)f)∂f
∂z
∂ω
∂ρ
+2f
(
ρ2
(
3
∂ω
∂z
∂f
∂ρ
+11
∂f
∂z
∂ω
∂ρ
)
+f2
(
2
∂ω
∂z
∂m
∂ρ
−(2+ρ2)∂m
∂z
∂ω
∂ρ
)
+f
(
2
∂ω
∂z
(
ρ− ∂f
∂ρ
)
+
(
(2+ρ2)
∂f
∂z
−9ρ2 ∂m
∂z
)∂ω
∂ρ
+8ρ2
∂2ω
∂ρz
))))
(3.48)
∂A1
∂ρ
= − 1
16ρ2
e−2m
√
f
(
−2b3(1−ρ2+b2)f3∂m
∂z
∂ω
∂z
−emρ2b
(
(4+b2)
∂f
∂z
∂ω
∂z
+4(−1−b2+b4)∂f
∂ρ
∂ω
∂ρ
)
+ f
(
em
((
−2ρ2(4 + b2)∂b
∂z
+ b3(1 + ρ2 + b2)
∂f
∂z
)∂ω
∂z
+ 8ρ2(1 + b2 − b4)∂b
∂ρ
∂ω
∂ρ
)
+ 2ρ2b3
(
−∂f
∂z
∂ω
∂z
+ (12 + 5b2 − 2b4)∂f
∂ρ
∂ω
∂ρ
))
+ 2b2f2
(
em(1 + ρ2 + b2)
∂b
∂z
∂ω
∂z
+ 12ρ2
∂b
∂ρ
∂ω
∂ρ
+ 2ρb3
(
1− 2ρ∂m
∂ρ
)∂ω
∂ρ
+ b
(
−(−1 + ρ2)∂f
∂z
∂ω
∂z
+ ρ
(
3ρ
∂m
∂z
∂ω
∂z
+
(
2− 8ρ∂m
∂ρ
)∂ω
∂ρ
+ 4ρ
∂2ω
∂ρ2
))))
(3.49)
∂A2
∂ρ
= −
e−2mbf3/2
(
(−1 + b4)(∂a3∂z )2 + (9− 11b2)(∂a3∂ρ )2
)
(−1 + b2)2
− 1
32ρ4f5/2
e−2m
(
−32emρ4b6f2 ∂b
∂z
(
(em + f)
∂f
∂z
− 2f2∂m
∂z
)
− 8ρ4b7f
(
em
∂f
∂z
− 2f2∂m
∂z
)(
(em + 2f)
∂f
∂z
− 2f2∂m
∂z
)
− 8emρ4b4f ∂b
∂z
(
em(1 + f(6 + f))
∂f
∂z
+ f(1 + f(4 + f))
(∂f
∂z
− 2f ∂m
∂z
))
−4emρ3bf2
(
emρ(1 + f)(2 + f)
(∂b
∂z
)2
+ 5ρ
(∂f
∂z
)2
− 4ρf ∂f
∂z
∂m
∂z
− 2ρf ∂
2f
∂z2
− 4f ∂f
∂ρ
+ 6ρ
(∂f
∂ρ
)2 − 4ρf ∂f
∂ρ
∂m
∂ρ
)
− 4emρ3b2f
(
ρ
∂b
∂z
((
em(1 + f)(2 + f) + f(2 + f(7 + 2f))
)∂f
∂z
− 2f2(1 + 2f(3 + f))∂m
∂z
)
24
− 4f2 ∂b
∂ρ
(
−3ρ∂f
∂ρ
+ 2f
(
1 + ρ
∂m
∂ρ
)))
+ 16emρ3f3
(
−ρ∂b
∂z
(∂f
∂z
− 2f ∂m
∂z
)
− 3ρ∂b
∂ρ
∂f
∂ρ
+ f
(
ρ
∂2b
∂z2
+ 2
∂b
∂ρ
(
1 + ρ
∂m
∂ρ
)))
− 2ρ3b5
(
e2mρ
(
16f3
(∂b
∂z
)2
+ (1 + f(6 + f))
(∂f
∂z
)2)
+ 2emρf(1 + f(4 + f))
∂f
∂z
(∂f
∂z
− 2f ∂m
∂z
)
+ 4f3
(
ρ
(∂f
∂z
)2 − ρ(1 + f)2∂f
∂z
∂m
∂z
+ 2ρf2
(∂m
∂z
)2
+ ρf3
(∂m
∂z
)2
+ 3ρ
(∂f
∂ρ
)2
+ f
(
ρ
(∂m
∂z
)2 − 2∂f
∂ρ
(
1 + ρ
∂m
∂ρ
))))
+ b3
(
−e2mρ4
(
8f2(1 + f(6 + f))
(∂b
∂z
)2
+ (1 + f)(2 + f)
(∂f
∂z
)2)
+2emρ3f
(
−ρ(2+f(7+2f))
(∂f
∂z
)2
+2ρf(1+2f(3+f))
∂f
∂z
∂m
∂z
+4f
∂f
∂ρ
(
−3ρ∂f
∂ρ
+2f
(
1+ρ
∂m
∂ρ
)))
+ 4f3
(
ρ4(−4 + f)
(∂f
∂z
)2
+ ρ4(7− 2f)f ∂f
∂z
∂m
∂z
− 5ρ4f2
(∂m
∂z
)2
+ ρ4f3
(∂m
∂z
)2 − 6ρ4(∂f
∂ρ
)2
+ 4ρ3f
∂f
∂ρ
(
1 + ρ
∂m
∂ρ
)
+ ρ2f4
((∂ω
∂z
)2
+ 2
(∂ω
∂ρ
)2)
+ f5
((∂ω
∂z
)2
+ 4
(∂ω
∂ρ
)2))))
(3.50)
∂A2
∂z
= − 1
16ρ4f3/2
e−2m
(
e2mρ4b3(3 + 4b2)
∂f
∂z
∂f
∂ρ
+ emρ4bf
(
(−2− 15b2 − b4 + 6b6)∂f
∂z
∂f
∂ρ
+ emb
(
2(3 + 4b2)
∂b
∂z
∂f
∂ρ
+
∂f
∂z
(
2(3 + 4b2)
∂b
∂ρ
+ (b+ 2b3)
∂f
∂ρ
)))
− 2ρ2b3(2 + b2)f6∂ω
∂z
∂ω
∂ρ
+ 4b3f7
∂ω
∂z
∂ω
∂ρ
+ 2ρ3f3
(
2e2mρ(b+ 2b3)
∂b
∂z
∂b
∂ρ
+ b2
(
−6ρb5 ∂m
∂z
∂f
∂ρ
+ 12ρ
(∂f
∂z
∂b
∂ρ
− ∂b
∂z
∂f
∂ρ
)
+ b
(
3ρ
∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4− ρ∂f
∂ρ
))
+ b3
(
5ρ
∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4− ρ∂f
∂ρ
+ 2ρ
∂m
∂ρ
)))
+ em
(∂b
∂z
(
4 + b
(
4b(2 + b2) + 8ρ
∂b
∂ρ
− ρ(b+ 3b3)∂f
∂ρ
)
+ 2ρ(4 + 3b2 + b4)
∂m
∂ρ
)
+ ρ
(
2
(
b2(1 + 2b2)
∂f
∂z
− (4 + b2 + 4b4)∂m
∂z
)∂b
∂ρ
− b3(1 + 2b2)∂m
∂z
∂f
∂ρ
+ 4(−1 + b2) ∂
2b
∂ρ∂z
)))
+ ρ3f2
(
−4ρb3(1 + 2b2)∂f
∂z
∂f
∂ρ
+ 2e2mρb
((
(6 + 8b2)
∂b
∂z
+ b(1 + 2b2)
∂f
∂z
)∂b
∂ρ
+ (b+ 2b3)
∂b
∂z
∂f
∂ρ
)
+ em
(
−2ρb4 ∂b
∂z
∂f
∂ρ
+ 12ρb6
∂b
∂z
∂f
∂ρ
+ 2ρb2
(
6
∂f
∂z
∂b
∂ρ
− 11∂b
∂z
∂f
∂ρ
)
+ 4ρ
(
3
∂f
∂z
∂b
∂ρ
− 7∂b
∂z
∂f
∂ρ
)
+ b5
(
−8ρ∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
4+ ρ
∂f
∂ρ
+2ρ
∂m
∂ρ
))
+ b3
(
−2ρ∂m
∂z
∂f
∂ρ
+
∂f
∂z
(
8+ ρ
∂f
∂ρ
+6ρ
∂m
∂ρ
)
+4ρ
∂2f
∂ρ∂z
)
+4b
(∂f
∂z
(
1 + 2ρ
∂m
∂ρ
)
− ρ
(
2
∂m
∂z
∂f
∂ρ
+
∂2f
∂ρ∂z
))))
+ 2ρ3b2f4
(
−2(6 + em)ρ∂m
∂z
∂b
∂ρ
− 4emρb2∂m
∂z
∂b
∂ρ
+ b3
∂m
∂z
(
−4 + ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)
+ b
(∂m
∂z
(
−4 + ρ∂f
∂ρ
− 2ρ∂m
∂ρ
)
−4ρ ∂
2m
∂ρ∂z
)))
+
10e−2mbf3/2 ∂a3∂z
∂a3
∂ρ
−1 + b2 (3.51)
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The above equations can be solved exactly or numerically. In order to solve them exactly we
should develop new methods of exact solution similar to the inverse scattering method, Bäcklund
transformation or Hirota method. First of all we should transform the system of the equations to
some kind Ernst-like equation (see Refs [27]–[36]). This will be a subject of a future development.
4 Cylindrical gravito-electromagnetic waves
in the Nonsymmetric Kaluza–Klein Theory
Let us consider the following nonsymmetric metric tensor (cylindrical gravito-electromagnetic
wave)
gαβ =

−e2l−2n 0 se2n 0
0 −r2e−2n 0 0
−se2n 0 −e2n se2n
0 0 −se2n e2l−2n
 (4.1)
g = det gµν = e
−4l+4nr2
√−g = e−2l+2nr
(4.2)
in cylindrical coordinates r, θ, z.
l, n, s are functions of r and t. The strength of an electromagnetic field takes a form
Fµν =

0 0
∂b
∂r
0
0 0 0 0
−∂b
∂r
0 0 −∂b
∂t
0 0
∂b
∂t
0

(4.3)
−→
B = (−F23,−F31,−F12) = (B1, B2, B3)
−→
E = (F41, F42, F43) = (E1, E2, E3)
(4.4)
Ez = −b1 = ∂b
∂t
Bθ = −a1 = −∂b
∂r
.
(4.5)
b is a function of r and t.
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One gets
gµν = e2n−2l

−1 + s2e4n−2l 0 s s2e4n−2l
0 −e
2l
r2
0 0
−s 0 −e2l−4n −s
s2e4n−2l 0 s 1 + s2e4n−2l

(4.6)
(see Ref. [37]),
g[µν] =

0 0 −e
2n−2l
r
s 0
0 0 0 0
e2l−2n
r
s 0 0
e2l−2n
r
s
0 0 −e
2l−2n
r
s 0

(4.7)
From the equation
∼
g[µν]
ν
= 0 (4.8)
one gets that
s(r, t) =
f(r − t)
r
(4.9)
(see Ref. [37]).
One gets
g[µν]Fµν = −2 2l − 2n
r
s
(∂b
∂r
+
∂b
∂t
)
. (4.10)
It is easy to see that
F[µν,λ] = 0. (4.11)
The first pair of Maxwell equations is satisfied.
Hµν =

0 0 H13 H14
0 0 0 0
−H13 0 0 H34
−H14 0 −H34 0
 (4.12)
H13 = −H31 = e−2n ∂b
∂r
+
e4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
H14 = −H41 = −2e
4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
H34 = −H43 = e−2n ∂b
∂t
− e
4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
(4.13)
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Let us calculate
W µν = Hµν − 2g[µν](g[αβ]Fαβ) (4.14)
W 13 = −W 31 = e−2n ∂b
∂r
− 3 e
4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
(4.15)
W 14 = −W 41 = 2 e
4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
(4.16)
W 34 = −W 43 = e−2n ∂b
∂t
+ 3
e4l−4n
r2
s2
(∂b
∂t
+
∂b
∂r
)
(4.17)
From the second pair of Maxwell equations in the Nonsymmetric Kaluza–Klein Theory one
gets
∂µ
(√−gW µν) = 0. (4.18)
For ν = 1
∂
∂t
(
e2l−2n
r2
s2
(∂b
∂t
+
∂b
∂r
))
. (4.19)
ν = 3
∂
∂r
(
e−2lr
∂b
∂r
− 3e2l−2n s
2
r
(∂b
∂t
+
∂b
∂r
))
− ∂
∂t
(
e−2lr
∂b
∂t
+ 3e2l−2n
s2
r
(∂b
∂t
+
∂b
∂r
))
= 0. (4.20)
ν = 4
∂
∂r
(
e2l−2n
r2
s2
(∂b
∂t
+
∂b
∂r
))
= 0. (4.21)
From Eq. (4.19) and Eq. (4.21) one gets
∂b
∂t
+
∂b
∂r
=
Cr
s2
e2n−2l (4.22)
where C = const.
Eq. (3.19) gives us an existence of a potential A = A(r, t) such that
∂b
∂r
=
e2l
r
∂A
∂t
∂b
∂t
=
e2l
r
∂A
∂r
(4.23)
The function A(r, t) satisfies the equation
∂A
∂t
+
∂A
∂r
=
Cr2
s2
e2n−4l. (4.24)
Moreover b(r, t) satisfies the equation
∂2b
∂r2
− ∂
2b
∂t2
+
1
r
∂b
∂r
− 2 ∂l
∂r
∂b
∂r
+ 2
∂l
∂t
∂b
∂t
= 0. (4.25)
Equations (4.22), (4.23), (4.24) and (4.25) give us an additional interaction between gravitational
and electromagnetic fields which is absent in GR theory.
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All functions are functions of r, t in the following way:
b = b(r, r − t)
l = l(r, r − t)
n = n(r, r − t)
s = s(r, r − t) = f(r − t)
r
.
(4.26)
Let us write the remaining field equations
R(αβ) = 8pi
em
Tαβ (4.27)
R[[αβ],γ] = 8pi
em
T [[αβ],γ]. (4.28)
Using the programme from Appendix B one gets field equations (4.27)–(4.28).
There are some zeros:
R(12) = R(23) = R(24) = R[12] = R[23] = R[24]
=
em
T (12) =
em
T (23) =
em
T (24) =
em
T [12] =
em
T [13] =
em
T [23] =
em
T [24] = 0. (4.29)
In the remaining cases we get
R11 = 8pi
em
T 11
or
1
4r2
e−2n
(
−8e8lrf3 df
du
(
−2e4l + 4(2e4l − e2n)r ∂l
∂u
+ 4e2nr
∂n
∂u
+ 4e4lr
∂l
∂r
− e2nr ∂l
∂r
+ 2e2nr
∂n
∂r
)
+ 4e4l+2nr3f
(
2e2nr
d2f
du2
+
df
du
(
e4l − 9e2n + 22e2nr ∂l
∂u
− 4e2nr∂n
∂u
− 8e4lr ∂l
∂r
+ 20e2nr
∂l
∂r
+ 4e4lr
∂n
∂r
− 6e2nr∂n
∂r
))
− e8lf4
(
9e4l − 3e2n + 48
(
e4l − 2e2n
)
r2
( ∂l
∂u
)2
− 26e4lr ∂l
∂r
+ 12e2nr
∂l
∂r
+ 20e4lr2
( ∂l
∂r
)2 − 20e2nr2( ∂l
∂r
)2
+ 16e2nr
∂n
∂u
(
−1 + 3r ∂l
∂r
)
− 8e2nr∂n
∂r
+ 24e2nr2
∂l
∂r
∂n
∂r
+ 8r
∂l
∂u
(
−5e4l + 2e2n + 12e2nr∂n
∂u
+ (8e4l − 9e2n)r ∂l
∂r
+ 6e2nr
∂n
∂r
))
+ 4e4nr4
(
2e4l
( df
du
)2
+ e2nr
(
2r
( ∂l
∂u
)2 − ∂n
∂u
− ∂l
∂r
+ 2r
( ∂l
∂r
)2
+
∂l
∂u
(
−1 + 4r ∂l
∂r
)
− ∂n
∂r
− 2r ∂
2l
∂r∂u
+ 2r
∂2n
∂r∂u
− r ∂
2l
∂r2
+ r
∂2n
∂r2
))
− 2e4lr2f2
(
8e8l
( df
du
)2
+ e2n
(
e4l − 12e2n − 60e2nr2
( ∂l
∂u
)2 − 12e2nr2 ∂2l
∂u2
− 8e4lr ∂l
∂r
+ 38e2nr
∂l
∂r
+ 14e4lr2
( ∂l
∂r
)2 − 38e2nr2( ∂l
∂r
)2
+ 20e2nr
∂n
∂u
(
−1 + r ∂l
∂r
)
+ 2e4lr
∂n
∂r
− 16e2nr∂n
∂r
− 6e4lr2 ∂l
∂r
∂n
∂r
+ 22e2nr2
∂l
∂r
∂n
∂r
+ 2r
∂l
∂u
(
−e4l + 27e2n + 12e2nr∂n
∂u
29
+ 2(4e4l − 27e2n)r ∂l
∂r
− 4e4lr∂n
∂r
+ 18e2nr
∂n
∂r
)
+ 2e4lr2
∂2l
∂r∂u
− 26e2nr2 ∂
2l
∂r∂u
+ 4e2nr2
∂2n
∂r∂u
+ 2e4lr2
∂2l
∂r2
− 10e2nr2 ∂
2l
∂r2
+ 2e2nr2
∂2n
∂r2
)))
= e−2l
(
−2e2nr2(e2nr2 + 2e4lf2)
( ∂b
∂u
)2 − 2e2nr2(e2nr2 + 2e4lf2) ∂b
∂u
∂b
∂r
−
(
e4nr4 − e4l+2nr2f2 − 2e8lf4
)(∂b
∂r
)2)
(4.30)
R(13) = 8pi
em
T (13)
or
1
8r4
e2l−4n
(
8e8l+2nrf4
df
du
+4e6nr5
df
du
(
−1+ 4r ∂l
∂r
)
+2e8lf5
(
e4l − 2e2n +12e2nr ∂l
∂u
+6e2nr
∂l
∂r
)
− 4e4l+2nr3f2 df
du
(
2e4l − 7e2n + 24e2nr ∂l
∂u
+ (−4e4lr + 22e2nr) ∂l
∂r
)
+ e2nr2f3
(
3e8l − 15e4l+2n − 144e4l+2nr2
( ∂l
∂u
)2 − 6e8lr ∂l
∂r
− 8e4nr ∂l
∂r
+ 76e4l+2nr
∂l
∂r
+ 8e8lr2
( ∂l
∂r
)2
+ 16e4nr2
( ∂l
∂r
)2 − 96e4l+2nr2( ∂l
∂r
)2 − 16e4nr∂n
∂u
(
−1 + 2r ∂l
∂r
)
+ 4r
∂l
∂u
(
−2e8l − 4e4n + 21e4l+2n + 2(2e8l + 4e4n − 33e4l+2n)r ∂l
∂r
)
+ 8e4nr
∂n
∂r
− 16e4nr2 ∂l
∂r
∂n
∂r
)
+ 8e4nr4f
(
−2e4l
( df
du
)2
+ e2n
(
1− 3r ∂l
∂r
+ 2r2
( ∂l
∂r
)2
+ r
∂l
∂u
(
−1 + 2r ∂l
∂r
)
+
∂n
∂u
(
r − 2r2 ∂l
∂r
)
+ r
∂n
∂r
− 2r2 ∂l
∂r
∂n
∂r
+ r2
∂2l
∂r∂u
+ r2
∂2l
∂r2
)))
= 2f
∂b
∂r
(
e2nr2
∂b
∂u
+−e4lf2 ∂b
∂r
)
(4.31)
R22 = 8pi
em
T 22
or
1
2r2
e−2n
(
−4e4l+2nrf df
du
(
−1 + 2r ∂l
∂u
+ r
∂l
∂r
)
+ e4lf2
(
−24e2nr2
( ∂l
∂u
)2
+ 2r
∂l
∂u
(
e4l + 8e2n
− 12e2nr ∂l
∂r
)
+
(
−1 + r ∂l
∂r
)(
e4l + e2n + 2e2nr
∂l
∂r
))
− 2e4nr3
( ∂l
∂u
+
∂l
∂r
+ 2r
∂2l
∂r∂u
+ r
∂2l
∂r2
))
= e−2l
(
2
∂b
∂u
+
∂b
∂r
)(
e2nr2
∂b
∂r
− e4lf2
(
2
∂b
∂u
+
∂b
∂r
))
(4.32)
R(14) = 8pi
em
T (14)
or
30
14r6
e−4n
(
−4e6nr5
(
2r
( ∂l
∂u
)2 − ∂n
∂u
+ 2r
∂l
∂u
∂l
∂r
)
− 16e8l+2nr2f3 df
du
(
2
∂l
∂u
− 2∂n
∂u
+
∂l
∂r
− ∂n
∂r
)
+ 4e4(l+n)r3f
df
du
(
1 + 5r
∂l
∂r
− 4r∂n
∂r
)
+ e8lf4
(
−3e2n − 96e2nr2
( ∂l
∂u
)2 − 4e4lr ∂l
∂r
+ 16e2nr
∂l
∂r
+ 8e4lr2
( ∂l
∂r
)2 − 32e2nr2( ∂l
∂r
)2
+ 16e2nr
∂n
∂u
(
−1 + 3r ∂l
∂r
)
− 8e2nr∂n
∂r
+ 24e2nr2
∂l
∂r
∂n
∂r
+ 8r
∂l
∂u
(
−e4l + 2e2n + 12e2nr∂n
∂u
+ 2(e4l − 6e2n)r ∂l
∂r
+ 6e2nr
∂n
∂r
))
+ e4l+2nr2f2
(
5e4l − e2n − 18e4lr ∂l
∂r
− 6e2nr ∂l
∂r
+ 12e4lr2
( ∂l
∂r
)2
+ 36e2nr2
( ∂l
∂r
)2
+ 16e2nr
∂n
∂u
(
−2 + r ∂l
∂r
)
+ 8e4lr
∂n
∂r
− 8e2nr∂n
∂r
− 4e4lr2 ∂l
∂r
∂n
∂r
− 16e2nr2 ∂l
∂r
∂n
∂r
+ 8e2nr
∂l
∂u
(
2 + 9r
∂l
∂r
− 6r∂n
∂r
)
− 4e2nr2 ∂
2l
∂r∂u
+ 8e2nr2
∂2n
∂r∂u
+ 2e4lr2
∂2l
∂r2
− 2e2nr2 ∂
2l
∂r2
+ 4e2nr2
∂2n
∂r2
))
= 2
(( ∂b
∂u
)2
+
∂b
∂u
∂b
∂r
− 1
r4
e8l−4nf4
(∂b
∂r
)2)
(4.33)
R33 = 8pi
em
T 33
or
1
2r4
e2l−4n
(
−4e6nr3f df
du
(
−1 + 2r ∂l
∂r
)
− e4lf4
(
−e8l + e4n − 8e4l+2nr ∂l
∂u
+ 8e4l+2nr
∂n
∂u
+ 2e8lr
∂l
∂r
− 4e4nr ∂l
∂r
− 4e4l+2nr ∂l
∂r
+ 4e4nr2
( ∂l
∂r
)2
+ 4e4l+2nr
∂n
∂r
)
+ 2e6nr5
( ∂l
∂u
+
∂l
∂r
+ 2r
∂2l
∂r∂u
+ r
∂2l
∂r2
)
− e2nr2f2
(
2e4n − e4l+2n + 2(e8l − 4e4n)r ∂l
∂u
+ 8e4nr
∂n
∂u
+ e8lr
∂l
∂r
− 6e4nr ∂l
∂r
+ e4l+2nr
∂l
∂r
− 2e4l+2nr2
( ∂l
∂r
)2
+ 4e4nr
∂n
∂r
− 2e4l+2nr∂n
∂r
+ 4e4l+2nr2
∂l
∂r
∂n
∂r
+ 12e4nr2
∂2l
∂r∂u
− 8e4nr2 ∂
2n
∂r∂u
+ 6e4nr2
∂2l
∂r2
− 2e4l+2nr2 ∂
2l
∂r2
− 4e4nr2∂
2n
∂r2
))
=
(
e2nr2
∂b
∂r
(
2
∂b
∂u
+
∂b
∂r
)
+ e4lf2
(
4
( ∂b
∂u
)2
+ 4
∂b
∂u
∂b
∂r
−
(∂b
∂r
)2))
(4.34)
R(34) = 8pi
em
T (34)
or
1
8r4
e2l−4n
(
8e8l+2nrf4
df
du
+ 4e6nr5
df
du
(
−1 + 4r ∂l
∂r
)
+ 2e8lf5
(
e4l − 2e2n
+ 12e2nr
∂l
∂u
+ 6e2nr
∂l
∂r
)
− 4e4l+2nr3f2 df
du
(
24e2nr
∂l
∂u
− (2e4l − e2n)
(
−1 + 2r ∂l
∂r
))
+ e2nr2f3
(
5e8l − 3e4l+2n − 144e4l+2nr2
( ∂l
∂u
)2 − 18e8lr ∂l
∂r
− 8e4nr ∂l
∂r
+ 8e8lr2
( ∂l
∂r
)2
31
+ 16e4nr2
( ∂l
∂r
)2
+ 24e4l+2nr2
( ∂l
∂r
)2
+ 4(2e8l + 4e4n − 3e4l+2n)r ∂l
∂u
(
−1 + 2r ∂l
∂r
)
− 16e4nr∂n
∂u
(
−1 + 2r ∂l
∂r
)
+ 8e4nr
∂n
∂r
− 16e4nr2 ∂l
∂r
∂n
∂r
)
+ 8e4nr4f
(
−2e4l
( df
du
)2
+ e2nr
(∂n
∂u
(
1− 2r ∂l
∂r
)
+
∂l
∂u
(
−1 + 2r ∂l
∂r
)
+ r
∂2l
∂r∂u
)))
= 2f
∂b
∂r
(
e2nr2
∂b
∂u
+
(
e2nr2 − e4lf2
)∂b
∂r
)
(4.35)
R44 = 8pi
em
T 44
or
1
4r2
e−2n
(
8e8lrf3
df
du
(
−2e4l + 4
(
2e4l + e2n
)
r
∂l
∂u
− 4e2nr∂n
∂u
+ 4e4lr
∂l
∂r
+ 3e2nr
∂l
∂r
− 2e2nr∂n
∂r
)
+ e8lf4
(
9e4l+3e2n+48(e4l+2e2n)r2
( ∂l
∂u
)2− 18e4lr ∂l
∂r
− 20e2nr ∂l
∂r
+4e4lr2
∂l
∂r
2
+44e2nr2
( ∂l
∂r
)2
− 16e2nr∂n
∂u
(
−1 + 3r ∂l
∂r
)
+ 8e2nr
∂n
∂r
− 24e2nr2 ∂l
∂r
∂n
∂r
+ 8r
∂l
∂u
(
−3e4l − 2e2n − 12e2nr∂n
∂u
+ (4e4l + 15e2n)r
∂l
∂r
− 6e2nr∂n
∂r
))
− 4e4l+2nr3f
(
2e2nr
d2f
du2
+
df
du
(
e4l + e2n + 22e2nr
∂l
∂u
− 4e2nr∂n
∂u
− 8e4lr ∂l
∂r
+ 2e2nr
∂l
∂r
+ 4e4lr
∂n
∂r
+ 2e2nr
∂n
∂r
))
+ 4e4nr4
(
−2e4l
( df
du
)
+ e2nr
( ∂l
∂u
+ 2r
( ∂l
∂u
)2 − ∂n
∂u
+
∂l
∂r
− ∂n
∂r
+ 2r
∂2l
∂r∂u
− 2r ∂
2n
∂r∂u
+ r
∂2l
∂r2
− r∂
2n
∂r2
))
+ 2e4lr2f2
(
8e8l
( df
du
)2
+ e2n
(
2e4l + e2n − 60e2nr2
( ∂l
∂u
)2 − 12e2nr2 ∂2l
∂u2
− 10e4lr ∂l
∂r
− 8e2nr ∂l
∂r
+ 2e4lr2
( ∂l
∂r
)2
+ 10e2nr2
( ∂l
∂r
)2
+ 4e2nr
∂n
∂u
(
3 + r
∂l
∂r
)
+ 6e4lr
∂n
∂r
+ 8e2nr
∂n
∂r
− 2e4lr2 ∂l
∂r
∂n
∂r
− 10e2nr2 ∂l
∂r
∂n
∂r
+ 2r
∂l
∂u
(
−e4l − 5e2n + 12e2nr∂n
∂u
+ 2(4e4l − 3e2n)r ∂l
∂r
− 4e4lr∂n
∂r
− 6e2nr∂n
∂r
)
+ 2e4lr2
∂2l
∂r∂u
+ 2e2nr2
∂2l
∂r∂u
− 4e2nr2 ∂
2n
∂r∂u
+ 4e2nr2
∂2l
∂r2
− 2e2nr2∂
2n
∂r2
)))
= e−2l
((
−2e4nr4 + 4e4l+2nr2f2
)( ∂b
∂u
)2 − 2e2nr2(e2nr2 − 2e4lf2) ∂b
∂u
∂b
∂r
−
(
e4nr4 + e4l+2nr2f2 − 2e8lf4
)(∂b
∂r
)2)
(4.36)
∂
∂t
(
R[13] − 8pi
em
T [13]
)
+
∂
∂r
(
R[34] − 8pi
em
T [34]
)
= 0
or
∂
∂t
(
1
8r7
e4l−8n
(
4e6nr5
df
du
− 8e8l+2nrf4 df
du
+ 2e8lf5
(
e4l + 2e2n − 12e2nr ∂l
∂u
− 6e2nr ∂l
∂r
)
32
+ 4e4l+2nr3f2
df
du
(
−3e2n + 24e2nr ∂l
∂u
− 2(2e4l − 5e2n)r ∂l
∂r
)
+ e2nr2f3
(
e8l + 2e4n + 21e4l+2n + 144e4l+2nr2
( ∂l
∂u
)2
+ 6e8lr
∂l
∂r
− 60e4l+2nr ∂l
∂r
− 8e8lr2
( ∂l
∂r
)2
− 8e4nr2
( ∂l
∂r
)2
+ 48e4l+2nr2
( ∂l
∂r
)2
+ 16e4nr
∂n
∂u
(
−1 + 2r ∂l
∂r
)
−4r ∂l
∂u
(
−4e4n+9e4l+2n+2(2e8l+4e4n−15e4l+2n)r ∂l
∂r
)
−8e4nr∂n
∂r
+8e4l+2nr
∂n
∂r
+16e4nr2
∂l
∂r
∂n
∂r
)
− 8e4nr4f
(
−2e4l
( df
du
)2
+ e2n
(
1− 4r ∂l
∂r
+ 4r2
( ∂l
∂r
)2
+ 2r
∂l
∂u
(
−1 + r ∂l
∂r
)
+
∂n
∂u
(
r − 2r2 ∂l
∂r
)
+ r
∂n
∂r
− 2r2 ∂l
∂r
∂n
∂r
− r2 ∂
2l
∂r∂u
)))
− 1
r3
e2l−4nf
(
e4lf2
(
2
∂b
∂u
+
∂b
∂r
)2
+ e2nr2
∂b
∂r
(
8
∂b
∂u
+ 9
∂b
∂r
)))
+
∂
∂r
(
1
8r7
e4l−8n
(
4e6nr5
df
du
− 8e8l+2nrf4 df
du
+ 2e8lf5
(
e4l + 2e2n − 12e2nr ∂l
∂u
− 6e2nr ∂l
∂r
)
+ 4e4l+2nr3f2
df
du
(
−5e2n + 24e2nr ∂l
∂u
− 2(2e4l − 7e2n)r ∂l
∂r
)
− e2nr2f3
(
e8l + 2e4n − 25e4l+2n − 144e4l+2nr2
( ∂l
∂u
)2 − 10e8lr ∂l
∂r
− 16e4nr ∂l
∂r
+ 80e4l+2nr
∂l
∂r
+ 8e8lr2
( ∂l
∂r
)2
+ 24e4nr2
( ∂l
∂r
)2 − 72e4l+2nr2( ∂l
∂r
)2 − 16e4nr∂n
∂u
(
−1 + 2r ∂l
∂r
)
+4r
∂l
∂u
(
−4e4n+15e4l+2n+2
(
2e8l+4e4n−21e4l+2n
)
r
∂l
∂r
)
+8e4nr
∂n
∂r
−8e4l+2nr∂n
∂r
−16e4nr2 ∂l
∂r
∂n
∂r
)
− 4e4nr4f
(
−4e4l
( df
du
)2
+ e2n
(
−1 + 2r ∂l
∂r
− 4r2
( ∂l
∂r
)2
+ 2r
∂n
∂u
(
1− 2r ∂l
∂r
)
+ 4r
∂l
∂u
(
−1 + r ∂l
∂r
)
− 2r2 ∂
2l
∂r∂u
− 2r2 ∂
2l
∂r2
)))
− 1
r3
e2l−4nf
(
e2nr2
(
8
∂b
∂u
− ∂b
∂r
)∂b
∂r
+ e4lf2
(
2
∂b
∂u
+
∂b
∂r
)2))
= 0 (4.37)
We can introduce a potential B = B(r, t) such that
∂B
∂r
= R[13] − 8pi
em
T [13] and
∂B
∂t
= 8pi
em
T [34] −R[34].
In particular one gets
∂B
∂r
=
1
8r7
e4l−8n
(
4e6nr5
df
du
− 8e8l+2nrf4 df
du
+ 2e8lf5
(
e4l + 2e2n − 12e2nr ∂l
∂u
− 6e2nr ∂l
∂r
)
+ 4e4l+2nr3f2
df
du
(
−3e2n + 24e2nr ∂l
∂u
− 2(2e4l − 5e2n)r ∂l
∂r
)
+ e2nr2f3
(
e8l + 2e4n + 21e4l+2n + 144e4l+2nr2
( ∂l
∂u
)2
+ 6e8lr
∂l
∂r
− 60e4l+2nr ∂l
∂r
− 8e8lr2
( ∂l
∂r
)2
33
− 8e4nr2
( ∂l
∂r
)2
+ 48e4l+2nr2
( ∂l
∂r
)2
+ 16e4nr
∂n
∂u
(
−1 + 2r ∂l
∂r
)
−4r ∂l
∂u
(
−4e4n+9e4l+2n+2(2e8l+4e4n−15e4l+2n)r ∂l
∂r
)
−8e4nr∂n
∂r
+8e4l+2nr
∂n
∂r
+16e4nr2
∂l
∂r
∂n
∂r
)
− 8e4nr4f
(
−2e4l
( df
du
)2
+ e2n
(
1− 4r ∂l
∂r
+ 4r2
( ∂l
∂r
)2
+ 2r
∂l
∂u
(
−1 + r ∂l
∂r
)
+
∂n
∂u
(
r − 2r2 ∂l
∂r
)
+ r
∂n
∂r
− 2r2 ∂l
∂r
∂n
∂r
− r2 ∂
2l
∂r∂u
)))
− 1
r3
e2l−4nf
(
e4lf2
(
2
∂b
∂u
+
∂b
∂r
)2
+ e2nr2
∂b
∂r
(
8
∂b
∂u
+ 9
∂b
∂r
))
(4.38)
∂B
∂t
= − 1
8r7
e4l−8n
(
4e6nr5
df
du
− 8e8l+2nrf4 df
du
+ 2e8lf5
(
e4l + 2e2n − 12e2nr ∂l
∂u
− 6e2nr ∂l
∂r
)
+ 4e4l+2nr3f2
df
du
(
−5e2n + 24e2nr ∂l
∂u
− 2(2e4l − 7e2n)r ∂l
∂r
)
− e2nr2f3
(
e8l + 2e4n − 25e4l+2n − 144e4l+2nr2
( ∂l
∂u
)2 − 10e8lr ∂l
∂r
− 16e4nr ∂l
∂r
+ 80e4l+2nr
∂l
∂r
+ 8e8lr2
( ∂l
∂r
)2
+ 24e4nr2
( ∂l
∂r
)2 − 72e4l+2nr2( ∂l
∂r
)2 − 16e4nr∂n
∂u
(
−1 + 2r ∂l
∂r
)
+4r
∂l
∂u
(
−4e4n+15e4l+2n+2
(
2e8l+4e4n−21e4l+2n
)
r
∂l
∂r
)
+8e4nr
∂n
∂r
−8e4l+2nr∂n
∂r
−16e4nr2 ∂l
∂r
∂n
∂r
)
− 4e4nr4f
(
−4e4l
( df
du
)2
+ e2n
(
−1 + 2r ∂l
∂r
− 4r2
( ∂l
∂r
)2
+ 2r
∂n
∂u
(
1− 2r ∂l
∂r
)
+ 4r
∂l
∂u
(
−1 + r ∂l
∂r
)
− 2r2 ∂
2l
∂r∂u
− 2r2 ∂
2l
∂r2
)))
+
1
r3
e2l−4nf
(
e2nr2
(
8
∂b
∂u
− ∂b
∂r
)∂b
∂r
+ e4lf2
(
2
∂b
∂u
+
∂b
∂r
)2)
(4.39)
In future papers we will try to solve these equations to get cylindrical gravito-electromagnetic
waves, possibly exactly or numerically.
Let us consider material sources for a cylindrically symmetric gravito-electromagnetic waves
in the Nonsymmetric Kaluza–Klein Theory. In cylindrical coordinates we write an electric current
jν =

jr
jθ
jz
jt
 . (4.40)
jr, jθ, jz and jt are functions of r and t only.
Let us consider a conservation law for an electric charge
∂µ
(√−g jµ(r, t)) = 0. (4.41)
Let us suppose that jθ = 0. Eventually one gets
∂
∂r
Jr(r, t) +
∂
∂t
Jt(r, t) = 0. (4.42)
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where
Jr(r, t) = e
−2l+2nrjr(r, t) (4.43)
Jt(r, t) = e
−2l+2nrjt(r, t). (4.44)
We introduce a potential d(r, t) such that
Jr =
∂d
∂t
, Jt = −∂d
∂r
.
One gets
jµ =

1
r e
2l−2n ∂d
∂t
0
jz(r, t)
−1r e2l−2n ∂d∂r
 (4.45)
where d = d(r, t) is a potential. From Eq. (2.69) one gets
∂
∂t
(
e2l−2n
r2
s2
(∂b
∂t
+
∂b
∂r
)
− d
)
= 0 (4.46)
∂
∂r
(
e2l−2n
r2
s2
(∂b
∂t
+
∂b
∂r
)
+ d
)
= 0 (4.47)
∂
∂r
(
e−2lr
∂b
∂r
− 3e2l−2n f
2
r3
(∂b
∂t
+
∂b
∂r
))
− ∂
∂t
(
e−2lr
∂b
∂t
+ 3e2l−2n
f2
r3
(∂b
∂t
+
∂b
∂r
))
= e−2l+2nrjz(r, t). (4.48)
One also gets
d(r, t) =
A˜(r)− B˜(t)
2
(4.49)
where A˜(r), B˜(t) are arbitrary functions of one variable and eventually
∼
jr(r, t) = −1
2
dB˜
dt
(4.50)
jt(r, t) = −1
2
dA˜
dr
(4.51)
∂
∂t
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
)
+
1
2
B˜(t)
)
= 0 (4.52)
∂
∂r
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
)
+
1
2
A˜(r)
)
= 0. (4.53)
Thus an electric current has a shape
jµ =

− 12r e2l−2n dB˜dt
0
jz(r, t)
1
2r e
2l−2n dA˜
dr
 (4.54)
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An interacting lagrangian in this case has the following shape
Lint = jzb
√−g (4.55)
and
int
Tµν = gµν(jzb). (4.56)
If we suppose that jz = 0
eff
Tµν =
em
T µν (4.57)
jµ =

− 12r e2l−2n dB˜dt
0
0
1
2r e
2l−2n dA˜
dr
 . (4.58)
The simplest example of an interaction of electromagnetic and gravitational (skewon-grav-
itational) waves in the Nonsymmetric Kaluza–Klein Theory gives us a possibility to generate
gravito-electromagnetic wave by an external source. The following equations give us in some
sense a theory of such a generator. In this case our equations (the second pair of Maxwell
equations) look as follows:
∂
∂t
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
)
+
1
2
B˜(t)
)
= 0 (4.59)
∂
∂r
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
)
+
1
2
A˜(r)
)
= 0 (4.60)
∂
∂r
(
e−2lr
∂b
∂r
− 3e2l−2n f
2
r3
(∂b
∂t
+
∂b
∂r
))
− ∂
∂t
(
e−2lr
∂b
∂t
+ 3e2l−2n
f2
r3
(∂b
∂t
+
∂b
∂r
))
= 0 (4.61)
where as usual
f = f(r − t), b = b(r, r − t), l = l(r, r − t), n = n(r, r − t).
Moreover a more interesting case can be derived if we suppose that A˜(r) = B˜(t) = 0 and
jz(r, t) 6= 0 in such a way that
jz(r, t) = c˜(r, r − t) (4.62)
jµ =

0
0
c˜(r, r − t)
0
 . (4.63)
In this case one gets
∂
∂t
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
))
= 0 (4.64)
∂
∂r
(
e2l−2n
r4
f2
(∂b
∂t
+
∂b
∂r
))
= 0 (4.65)
36
and
∂
∂r
(
e−2lr
∂b
∂r
− 3e2l−2n f
2
r3
(∂b
∂t
+
∂b
∂r
))
− ∂
∂t
(
e−2lr
∂b
∂t
+ 3e2l−2n
f2
r3
(∂b
∂t
+
∂b
∂r
))
= e−2l+2nrc˜(r, r − t). (4.66)
One can even design an experiment to check whether we are right or not in gravito-electromagnetic
waves generation problem. Moreover we should pass in all equations (4.31)–(4.39) from
em
T µν to
eff
Tµν =
em
Tm + gµν
(
c˜(r, r − t)b(r, r − t)
)
(4.67)
where gµν is given by Eq. (4.1).
One gets:
Tµν =

−e2l−2nc˜b 0 se2nc˜b 0
0 −r2e−2nc˜b 0 0
−se2nc˜b 0 −e−2nc˜b se2nc˜b
0 0 −se2nc˜b e2l−2nc˜b
 . (4.68)
Let us consider an external electromagnetic (it can be in reality e.g. a laser field) field such
that
∂µF
µν
ex 6= 0 (4.69)
and let jz(r, t) be a source of this field
∂µF
µν
ex = jz(r, t). (4.70)
Let
Fµνex =

0 0
∂h
∂r
0
0 0 0 0
−∂h
∂r
0 0 −∂h
∂t
0 0
∂h
∂t
0

, h = h(r, r − t). (4.71)
One gets in the place of Eq. (4.66)
∂
∂r
(
e−2lr
∂b
∂r
− 3e2l−2n f
2
r3
(∂b
∂t
+
∂b
∂r
))
− ∂
∂t
(
e−2lr
∂b
∂t
+ 3e2l−2n
f2
r3
(∂b
∂t
+
∂b
∂r
))
= e−2l+2nr
(∂2h
∂r2
+
∂2h
∂t2
)
. (4.72)
Eqs (4.64) and (4.65) do not change.
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Let us consider an initial value problem for Eqs (4.64)–(4.65) and Eq. (4.72). In this way we
should consider an initial value problem for a metric tensor gµν given by Eq. (4.1). The best way
to do this is to take gtt in cylindrical coordinates from spherically symmetric solution in NGT(
1 +
l˜4
(r2 + z2)2
)(
1− 2m
(z2 + r2)1/2
)
(4.73)
(m is a mass and l˜ is an additional parameter) and to equal it to gtt|t=0 of the metric (4.1), i.e.(
1 +
l˜4
(r2 + z2)2
)(
1− 2m
(z2 + r2)1/2
)
= e2l−2n
∣∣
t=0
. (4.74)
Supposing |z| ≪ r one gets (
1 +
l˜4
r4
)(
1− 2m
r
)
= e2(l−n)
∣∣
t=0
. (4.75)
In this case we do not add any energy-momentum tensor to
em
T αβ and
eff
Tαβ =
em
Tαβ.
We suppose that external electromagnetic field does not change a geometry of space-time. In
this way Eqs (4.30)–(4.37) are considered as consistency conditions for equations of a generator
of gravito-electromagnetic (electromagnetic-gravitational) waves.
In some applications one can suppose(
1 +
l˜4
r4
)
= e2l
∣∣
t=0
,
(
1− 2m
r
)
e−2n
∣∣
t=0
. (4.76)
5 A generalized Kerner–Wong–Kopczyński equation as a possi-
bility to travel in higher dimensions
Let us consider generalized Kerner–Wong–Kopczyński equation in the Nonsymmetric Kaluza–
Klein Theory for GSW (Glashow–Salam–Weinberg) model, i.e. Eqs (C.49)–(C.51) and Eqs (C.53)–
(C.58) from Ref. [11]. Let us quote those equations here.
D˜uµ
dτ
− Q˜
iu
m0
g˜(µδ)δiju
βW iuβδ −
Q0u
m0
g˜(µδ)uβZ0uβδ −
q
m0
g˜(µδ)uβFβδ
+
1√
2m0
g˜(µδ)
(
u5
( 1
α · α(q−αW
−u
δ −qαW+uδ ) +
1
β · β
(
h(xα, xα)qαW
−u
δ + h(x−α, x−α)q−αW
+u
δ
))
+ u6 sinψ
(v+H(x)
α · α (qαW
+u
δ −q−αW−uδ )−
1
2(β · β)
(
h(xα, xα)q−α(v+H(x))
)
W+uδ
))
= 0
D˜u5
dτ
− 1
r2
uβ√
2m0
( 1
α · α (q−αW
−u
β − qαW+uβ )
+
1
β · β
(
h(xα, xα)qαW
−u
β + h(x−α, x−α)q−αW
+u
β
))
= 0
D˜u6
dτ
− 1
r2
uβ√
2m0 sinψ
(v +H(x)
α · α (qαW
+u
β − q−αW−uβ )
+
1
2(β · β)
(−h(xα, xα)qαW−uβ + h(x−α, x−α)(v +H(x))W+uβ )) = 0
(5.1)
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dQuγ
dτ
− i
(
1
2
(Z0uµ
√
3−Aµ)Quγ −W−uµ q˜
)
uµ
− 3(v +H(x))√
2
qα
(
u5 + i
sinψ
2
u6
)
− i cosψQuγ = 0
dQu−γ
dτ
− iuµ
(
W+uµ Q˜
u − 1
2
(
√
3Z0uµ −Aµ)Qu−γ
)
+
3u5√
2
(v +H(x))q−α
(
u5 − i sinψ
2
u6
)
+ iu6 cosψQu−γ = 0
dq
dτ
= 0
dQ˜u
dτ
− 1
2
(W+uµ Q
u
γ −W−uµ Qu−γ)uµ = 0
dqα
dτ
+
1
2
(3
2
(
√
3Aµ − Z0uµ )−
√
3
6
(
√
3Z0uµ −Aµ)
)
qαu
µ
+
u5(v +H(x))√
2
Quγ
(
u5 +
i sinψ
2
√
2
u6
)
− 1
2
u6 cosψqα = 0
dq−α
dτ
+
1
2
(√3
6
(
√
3Aµ − Z0uµ ) +
3
2
(
√
3Z0uµ −Aµ)
)
uµq−α
+
v +H(x)√
2
Qu−γ
(
u5 − i sinψ
2
u6
)
+
1
2
cosψq−α = 0.
(5.1cont)
All the details concerning the Nonsymmetric Kaluza–Klein Theory (in general) with and
without spontaneous symmetry breaking can be found in Ref. [11]. Some applications for GSW
model of the theory can be found also here. Let us make some simplification of the Kerner–Wong–
Kopczyński equation in a particular application in GSW model.
Let Fβγ = 0 (Aµ = 0), and Z
0u
βγ = 0 (Z
0u
µ = 0). Simultaneously let some gauge charges be
equal to zero, q = Q˜iu = Q˜0u = 0 (i.e. an electric charge and weak interaction charges) and
also Quγ = Q
u
−γ = q−α = 0 (i.e. some charges connected to Higgs’ field). Let us remind to the
reader that Higgs’ field in our approach is also a gauge field, but over additional dimensions, in
particular for GSW model over fifth and sixth dimensions. In this case additional dimensions are
dimensions of S2 sphere (ψ and ϕ, ψ ∈ 〈−pi2 , pi2 〉, ϕ ∈ 〈0, 2pi)).
One gets the following set of equations:
d2xµ
dτ2
+
{
µ
βγ
}
dxβ
dτ
dxγ
dτ
+
qα
2
√
2m0
g˜(µδ)
(
dϕ
dτ
h(xα, xα)W
−u
δ −W+uδ
)
+
dϕ
dτ
sinψ(v +H(x))W+µδ
)
= 0 (5.2)
d2ψ
dτ2
+
1
2
sin 2ψ
(
dϕ
dτ
)2
− qα
2
√
2 r2m0
(
dxβ
dτ
)(
W+uβ + h(xα, xα)W
−u
β
)
= 0 (5.3)
d2ϕ
dτ2
+ 2cotϕ
(
dψ
dτ
)(
dϕ
dτ
)
− qα
2
√
2m0 sinψ
(
dxβ
dt
)(
(v +H(x))W+uβ − 1
2
h(xα, xα)W
−u
β
)
= 0 (5.4)
39
dqα
dτ
+
1
2
(
dϕ
dτ
)
cosψqα = 0. (5.5)
In the equations from [11] we have
u5 =
dψ
dτ
, u6 =
dϕ
dτ
(5.6)
D˜u5
dτ
=
d2x5
dτ2
+ Γ˜ 5
a˜b˜
dxa˜
dτ
dxb˜
dτ
=
d2ψ
dτ2
+ Γ˜ 566
(
dϕ
dτ
)2
=
d2ψ
dτ2
+
1
2
sin 2ψ
(
dϕ
dτ
)2
(5.7)
D˜u6
dτ
=
d2x6
dτ2
+ Γ˜ 6
a˜b˜
dxa˜
dτ
dxb˜
dτ
=
d2ϕ
dτ2
+ 2Γ˜ 656
(
dψ
dτ
)(
dϕ
dτ
)
=
d2ϕ
dτ2
+ 2cotψ
(
dψ
dτ
)(
dϕ
dτ
)
(5.8)
D˜uα
dτ
=
d2xα
dτ
+
{
α
βγ
}
dxβ
dτ
dxγ
dτ
(5.9)
uα =
dxα
dτ
where { αβγ } are Christoffel’s symbols formed for g(αβ), W±uγ are charged weak interactions gauge
fields in the gauge U , H(x) is a Higgs’ field after a spontaneous symmetry breaking, v is a vacuum
expectation value of a Higgs’ field, r is the radius of the sphere S2. Let us notice the following
fact: a charge qα is a reason to connect the motion on space-time E to higher dimension on S
2,
m0 is a mass of a test particle. Let us remind to the reader the following fact: Eqs (5.1) are
equations of a test particle equipped with many charges in our theory.
After some simplifications given here we get equations in six dimensions on E × S2 (not four
as on E). Additional dimensions, fifth and sixth, are dimensions on S2. Moreover, the radius r
of S2 is very small (r ≈ 2.39 · 10−18 m).
The set of those equations gives us a possibility of travelling in higher dimensions due to the
existence of Higgs’ field and a charge qα connected to it. This is in some sense a Lorentz force
term involving Higgs’ field. For a Higgs’ field is a gauge field over fifth and sixth dimensions,
the force involves higher dimensions. Such a situation can give a possibility to go to distant
points in space crosspassing in short (shortcut), travelling in time, or to go out from compact,
3-dimensional objects without crossing boundaries. Such solutions of Eqs (5.2)–(5.5) are under
considerations. One easily gets from Eq. (5.5)
qα = Cα exp
(
−1
2
∫ τ
τ0
(
dϕ
dτ
)
cosψ ds
)
(5.10)
Cα = qα(τ0) = const., Cα > 0 (5.11)
If Cα = 0, an effect of higher dimensions disappears.
Let us consider a more general situation where not only qα 6= 0, but also q−α 6= 0. In this case
from Eqs (5.1) one gets supposing as before Z0uµ = Z
0u
βγ = Fβγ = Aµ = q = Q
u
γ = Q
u
−γ = 0:
(
d2xµ
dτ2
+
{
µ
βγ
}
dxβ
dτ
dxγ
dτ
)
+
1√
2m0
g˜(µδ)
(
dψ
dτ
)
1
2
(q−αW
−u
δ − qαW+uδ )
+
1
2
(
h(xα, xα)qαW
−u
δ − h(xα, x−α)q−αW+uδ
)
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+
dϕ
dτ
sinψ
(
v +H(x)
2
(qaW
+u
δ − q−αW−uδ )−
1
4
(
h(xα, xα)q−α(v +H(x))W
+u
δ
))
= 0 (5.12)
d2ψ
dτ2
+
1
2
sin 2ψ
(dψ
dτ
)2 − 1
r2
(dxβ
dτ
)2 1√
2m0
(
1
2
(q−αW
−u
β + qαW
+u
β )
+
1
2
(
h(xα, xα)qαW
−u
β + h(x−α, x−α)q−αW
+u
β
))
= 0 (5.13)
d2ϕ
dτ2
+ 2cotϕ
(dψ
dτ
)(dϕ
dτ
)
− 1
r2
(dxβ
dτ
) 1√
2m0 sinψ
(
v +H(x)
2
(qαW
+u
β − q−αW−uβ )
+
1
4
(
−h(xα, xα)qαW−uβ + h(x−α, x−α)qα(v +H(x))W+uβ
))
= 0 (5.14)
dq−α
dτ
− 1
2
cosψq−α = 0 (5.15)
and Eqs (5.10)–(5.11) for qα. From Eq. (5.15) one easily gets
q−α = C−α exp
(
1
2
∫ τ
τ0
cosψ ds
)
(5.16)
where C−α = q−α(τ0) = const., C−α > 0. If C−α = Cα = 0, an effect of higher dimensions
disappears.
Let us notice that such a physics was considered in [38, 39, 40]. Here we give mathematical
and physical reasons to realize such situations.
Let us consider a very special situation where Cα = C−α = 0, i.e. qα = q−α = 0. In this case
one gets the following set of equations from Eqs (5.12)–(5.14):
d2xα
dτ2
+
{ α
βγ
}dxβ
dτ
dxγ
dτ
= 0 (5.17)
d2ψ
dτ2
+
1
2
sinψ
(dψ
dτ
)2
= 0 (5.18)
d2ϕ
dτ2
+ 2cotψ
(dψ
dτ
)(dϕ
dτ
)
= 0. (5.19)
Eq. (5.17) is a geodetic equation on E with a metric tensor g(αβ). Eqs (5.18)–(5.19) are geodetic
equations on S2. The last can easily be solved and we get
ψ(t) = ψ0 = const. (5.20)
ϕ(t) = a(τ − τ0) (5.21)
where a and τ0 are constants.
In the case where all the charges are zero the movements on E and on S2 decouple. Those
movements also decouple in the case of non-zero electric charge q. Moreover, if the charges
Q˜iu, Q˜0u, Quγ , Q
u
−γ are non-zero the coupling between movement on E and on S
2 is evident. Let
us notice that a value of a radius of a sphere enters the equations.
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Let g(αβ) = ηαβ = diag(−1,−1,−1,+1) (a Minkowski space) and let ψ and ϕ be described by
Eqs (5.20)–(5.21). Let us consider Eq. (5.12). One gets
d2xµ
dτ2
+ a sinψ0 η
µδ
(
v +H(x)
2
(qαW
+u
δ − q−αW−uδ )−
1
4
(
h(xα, xα)q−α(v +H(x))
)
W+uδ
)
. (5.22)
Moreover,
qα = Cα exp
(
−1
2
a(τ − τ0) cosψ0
)
(5.23)
q−α = C−α exp
(1
2
(τ − τ0) cosψ0
)
. (5.24)
In this way one gets
d2xµ
dτ2
+ a sinψ0η
µδ
(
v +H(x)
2
(
Cα exp
(
−1
2
a(τ − τ0) cosψ0
)
W+uδ
− C−α exp
(1
2
(τ − τ0) cosψ0
)
W−uδ
)
− 1
4
(
h(xα, xα)C−α exp
(1
2
(τ − τ0)
)
(v +H(x))
)
W+uδ
)
. (5.25)
Eqs (5.25) and (5.20)–(5.21) govern a motion in higher dimensions under some assumptions.
We can simplify Eq. (5.25) even more taking H(x) = 0 and W−uδ = 0. One gets
d2xµ
dτ2
+
av
2
sinψ0η
µδ
(
Cα exp
(
−1
2
a(τ−τ0) cosψ0
)
W+uδ −
1
2
C−α exp
(1
2
(τ−τ0)
)
W+uδ
)
= 0. (5.26)
If C−α = 0 (q−α = 0) one gets even more simple
d2xµ
dτ2
+
avCα
2
exp
(
−1
2
a(τ − τ0) cosψ0
)
ηµδW+uδ = 0 (5.27)
and Eqs (5.20)–(5.21).
Let W+uδ = const. One gets
d2xi
dτ2
− avCα
2
exp
(
−a
2
(τ − τ0) cosψ0
)
W+ui = 0, i = 1, 2, 3, (5.28)
d2x4
dτ2
+
avCα
2
exp
(
−a
2
(τ − τ0) cosψ0
)
W+u4 = 0. (5.29)
These equations are easy to be solved exactly.
xi(τ) = αi(τ − τ0) + 2vCαW
+u
i
a cos2 ψ0
exp
(
−a
2
cosψ0(τ − τ0)
)
, i = 1, 2, 3, (5.30)
x4(τ) = α4(τ − τ0)− 2vCαW
+u
4
a cos2 ψ0
exp
(
−a
2
cosψ0(τ − τ0)
)
, (5.31)
where αi, i = 1, 2, 3, and α4 are constants.
τ is here of course a proper time. A coordinate time is t1 = x
4.
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Thus we should solve a transcendent equation
t1 = α
4(τ − τ0)− 2vCαW
+u
4
a cos2 ψ0
exp
(
−a
2
cosψ0(τ − τ0)
)
(5.32)
getting
τ = f(t1) + τ0, (5.33)
x˜i(t1) = x
i(f(t1) + τ0), i = 1, 2, 3, (5.34)
ψ˜(t1) = ψ0, (5.35)
ϕ˜(t1) = af(t1), (5.36)
where f(t) is a solution of the transcendental equation:
t = α4f(t1)− 2vCαW
+u
4
a cos2 ψ0
exp
(
−a
2
cosψ0f(t1)
)
. (5.37)
Taking for simplicity α4 = 0 one finds
f(t1) = − 2
a cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
(5.38)
under the condition
a cosψ0t1
2vCαW
+u
4
< 0. (5.39)
In this case one gets
x˜i(t1) = − 2α
i
a cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
− W
+u
i
W+u4
t1, = 1, 2, 3, (5.40)
ψ˜(t1) = ψ0 (5.41)
ϕ˜(t1) = − 2
cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
(5.42)
under the condition (5.39).
Eqs (5.40)–(5.42) give us a trajectory of a travel in higher dimensions on E×S2 in a function
of a coordinate time on E (a Minkowski space).
Let us identify x˜1 = x, x˜2 = y, x˜3 = z; (x, y, z)—a Cartesian coordinate system in E3. Let
us introduce a Cartesian coordinate system in the 3-dimensional R3 space where our S2 sphere is
located.
ξ˜ = r cosψ sinϕ
η˜ = r cosψ cosϕ
ζ˜ = r sinψ.
(5.43)
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In this way our trajectory looks like
x(t1) = − 2αx
a cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
− W
+u
x
W+u4
t1
y(t1) = − 2αy
a cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
− W
+u
y
W+u4
t1
z(t1) = − 2αz
a cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
− W
+u
z
W+u4
t1
ξ˜(t1) = −r cosψ0 sin
(
2
cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
))
η˜(t1) = r cosψ0 cos
(
2
cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
))
ζ˜(t1) = r sinψ0,
(5.44)
where r ≈ 2.39 · 10−18 m is a scale of GSW-model,
α1 = αx, α
2 = αy, α
3 = αz, W
+u
1 =W
+u
x , W
+u
2 =W
+u
y , W
+u
3 =W
+u
z ,
under the condition (5.39).
Let us take the following transformation for a time. Let
t =
2
cosψ0
log
(
− a cosψ0t1
2vCαW
+u
4
)
, (5.45)
t1 = −2vCαW
+u
4
a cosψ0
exp
(cosψ0
2
t
)
. (5.46)
In this way one gets
x(t) = −αx
a
t+
2vCαW
+u
x
a cosψ0
exp
(cosψ0
2
t
)
(5.47)
y(t) = −αy
a
t+
2vCαW
+u
y
a cosψ0
exp
(cosψ0
2
t
)
(5.48)
z(t) = −αz
a
t+
2vCαW
+u
z
a cosψ0
exp
(cosψ0
2
t
)
(5.49)
ξ˜(t) = −r cosψ0 sin t (5.50)
η˜(t) = r cosψ0 cos t (5.51)
ζ˜(t) = r sinψ0. (5.52)
Let us consider the condition (5.39) in more details
ε
|a| · |cosψ0| · t1
2|v| · |Cα| · |W+u4
| < 0 (5.53)
where
ε = sgn(a) sgn(cosψ0) sgn(v) sgn(Cα) sgn(W
+u
4 ). (5.54)
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One gets
εt1 < 0. (5.55)
If ε > 0, t1 < 0; if ε < 0, t1 > 0.
The trajectory (5.45)–(5.52) is a trajectory in six dimensions. Moreover, an additional move-
ment in higher dimensions is on a sphere S2 embedded in E3. We can get more complicated
trajectory if we disturb the solution (5.20)–(5.21), allowing in Eqs (5.13)–(5.14) some additional
terms, i.e.
d2ψ
dτ2
+
1
2
sinψ
(dψ
dτ
)2 − qα
2
√
2m0r2
W+uβ
(dxβ
dτ
)
= 0 (5.56)
d2ϕ
dτ2
+ 2cotψ
(dψ
dτ
)(dϕ
dτ
)
− qαv(2 + h(x−α, h−α))
4
√
2m0r2 sinψ
W+uβ
(dxβ
dτ
)
= 0 (5.57)
and Eqs (5.10)–(5.11). In this case we expect some additional effects of impossible physics. We
will consider such possibility in further papers.
Conclusions and prospects for further research
In the paper we consider axially-symmetric and stationary fields in the Nonsymmetric Kaluza–
Klein Theory, i.e. a nonsymmetric metric (symmetric metric and skewsymmetric part—skewon
part) and an electromagnetic field. We derive equations of the theory using symbolic manipulation
programme written in Mathematica. There are some prospects for future research:
1◦ Solve these equations exactly or numerically.
2◦ Extend this formalism for non-Abelian Nonsymmetric Kaluza–Klein Theory also with spon-
taneous symmetry breaking and Higgs’ mechanism. In this case we should consider also
spherically symmetric and stationary solutions, cylindrical and spherical Yang–Mills’ waves.
We consider also in the paper a cylindrical gravito-electromagnetic wave in the Nonsymmetric
Kaluza–Klein Theory. Why it is called gravito-electromagnetic wave is explained in Ref. [10] and
we do not repeat our explanation in details here. There are some prospects for future research.
1◦ Find exact (or numerical) solutions for field equations.
2◦ Extend a formalism to spherical gravito-electromagnetic wave with derivations of exact (or
numerical solutions).
For gravitational waves have been detected (three events: GW150914, LVT151012 (a lower
significance), GW151226) by LIGO-Virgo interferometers (see Refs [41], [42], [43], [44]), the exis-
tence of gravito-electromagnetic waves is highly probable. We concentrate in future investigations
on a possible detection of these waves.
Let us notice the following fact. One considers a notion of electromagnetic-gravitational waves
earlier as a conclusion of “interference effects” in the Nonsymmetric Kaluza–Klein (Jordan–Thiry)
Theory.
In Ref. [1], p. 289, point 3) one writes in the following way on a further prospect of research: To
find wave-like solutions of the field equations in the Abelian and non-Abelian cases. This could, in
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the electromagnetic case offer a solution which could be treated as a kind of electromagnetograv-
itational wave (nonlinear wave) with nontrivial interactions between fields. The objective of this
hope is related to points 4) and 5) (see p. 6 of Ref. [1]) in the list of “interference effects” (we
recall that the displacement current in the classical Maxwell equations leads us to the nontrivial
interaction between the electric and magnetic field—the raison d’être of the wave solutions for
Maxwell equations. However, this is only a historical remark. By a nontrivial interaction, we
mean that the flow of energy is possible from one field to another in a quasi-periodic way. One
can try to use the following Ansatz for the . . . .
Points 4) and 5) from page 6 of Ref. [1] are as follows:
4) The source in the second pair of Maxwell (Yang–Mills) equations, i.e. a current jµ (j
a
µ).
5) The polarization of vacuum Mµν = − 14pi (Hµν − Fµν) (Maµν = − 14pi (Laµν − Haµν)) with an
interpretation as the torsion in the 5th dimension (in higher dimensions in Yang–Mills case).
Let us remind to the reader that in Ref. [10] we consider gravito-electromagnetic waves in
the Nonsymmetric Kaluza–Klein Theory. In some sense they are similar to Ansatz from Ref. [1],
p. 289. They are generalized plane waves for gµν (nonsymmetric) and generalized electromagnetic
plane waves. We use some achievements from Einstein Unified Field Theory to find solutions for
gravito-electromagnetic waves (generalized plane gravito-electromagnetic waves). Let us notice
that in the limit of zero skewon and electromagnetic fields we get generalized plane waves from
General Relativity (see Ref. [45]). The electromagnetic field of our solution has remarkable
properties to have both invariants of the electromagnetic field S = FµνF
µν and P = FµνF
∗µν
equal to zero. The electromagnetic field depends on arbitrary function of (z − t). Skewon part of
the solution describes a wave in this sense that it depends on (z − t) (a Riemann invariant, see
Ref. [46]). It depends also on an arbitrary function of (z − t). Travelling in higher dimensions
can also be considered.
Recently the LIGO and Virgo collaborations achieved a three-detector observation of grav-
itational waves from a binary black hole coalescence (see Ref. [47]). This is the first case of
gravitational waves detection with three-detector observation.
Appendix A
In this appendix we give a programme written in Mathematica (kalinowski_1044pr1w2.nb) to
calculate R(αβ), R[αβ],
em
T (αβ),
em
T [αβ] , W
µν for axially-symmetric, stationary case.
x[1] = x
x[2] = y
x[3] = z
x[4] = t1
r2[x,y]=f2[x,y]^(1/2)
e2[x,y]=D[w1[x,y],x[1]]*Exp[-n1[x,y]]*f2[x,y]^(1/2)
e3[x,y]=D[w1[x,y],x[2]]*Exp[-n1[x,y]]*f2[x,y]^(1/2)
r1[x, y]=x*f2[x,y]^(-1/2)
tt = Table[0, {i, 1, 4}, {j, 1, 4}]
tt[[1, 1]] = -1
tt[[2, 2]] = -1
tt[[3, 3]] =-r1[x, y]^2
tt[[4, 4]] = r2[x, y]^2
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tt[[1, 4]] =b2[x,y]*f2[x,y]^(1/2)
tt[[4, 1]] =-b2[x,y]*f2[x,y]^(1/2)
n1[x,y]=m1[x,y]-1/2*Log[f2[x,y]]
ff = Table[0, {i, 1, 4}, {j, 1, 4}]
ff[[2, 4]] = D[a3[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
ff[[4, 1]] = - D[a3[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
ff[[4, 2]] = - D[a3[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
ff[[1, 4]] = D[a3[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
MatrixForm[tt]
MatrixForm[ff]
h1h = Table[0, {i, 1, 4}, {j, 1, 4}, {k, 1, 4}]
h1h[[1, 2, 1]] = (D[n1[x, y], x[2]]
- 1/2*D[f2[x, y], x[2]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
h1h[[1, 1, 2]] = -(D[n1[x, y], x[2]]
- 1/2*D[f2[x, y], x[2]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
h1h[[2, 1, 2]] = (D[n1[x, y], x[1]]
- 1/2*D[f2[x, y], x[1]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
h1h[[2, 2, 1]] = -(D[n1[x, y], x[1]]
- 1/2*D[f2[x, y], x[1]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
h1h[[4,1,3]]=-e2[x,y]
h1h[[4,3,1]]=e2[x,y]
h1h[[4,2,3]]=-e3[x,y]
h1h[[4,3,2]]=e3[x,y]
gam = Table[0, {i, 1, 4}, {j, 1, 4}, {k, 1, 4}]
gam[[1, 2, 2]] = -(D[n1[x, y], x[1]]
- 1/2*D[f2[x, y], x[1]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[2, 1, 1]] = -(D[n1[x, y], x[2]]
- 1/2*D[f2[x, y], x[2]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[1, 2, 1]] =(D[n1[x, y], x[2]]
- 1/2*D[f2[x, y], x[2]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[2, 1, 2]] =(D[n1[x, y], x[1]]
- 1/2*D[f2[x, y], x[1]]*f2[x, y]^(-1))*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[1, 3, 3]] =- r1[x, y]*D[r1[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[2, 3, 3]] = -r1[x, y]*D[r1[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[1, 4, 4]] =r2[x, y]*D[r2[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[2, 4, 4]] = r2[x, y]*D[r2[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[3, 1, 3]] = 1/r1[x, y]*D[r1[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[3, 3, 1]] = 1/r1[x, y]*D[r1[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[4, 1, 4]] = 1/r2[x, y]*D[r2[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[4, 4, 1]] = 1/r2[x, y]*D[r2[x, y], x[1]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[3, 2, 3]] = 1/r1[x, y]*D[r1[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[3, 3, 2]] = 1/r1[x, y]*D[r1[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[4, 4, 2]] = 1/r2[x, y]*D[r2[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[4, 2, 4]] = 1/r2[x, y]*D[r2[x, y], x[2]]*Exp[-n1[x, y]]*f2[x,y]^(1/2)
gam[[4, 1, 3]] =-1/2* e2[x, y]
gam[[4, 3, 1]] =1/2*e2[x, y]
gam[[4, 3, 2]] =1/2*e3[x, y]
gam[[4, 2, 3]] =-1/2*e3[x, y]
gam[[3, 4, 1]] =1/2*r2[x, y]^2*r1[x, y]^(-2)* e2[x, y]
gam[[3, 1, 4]] =1/2*r2[x, y]^2*r1[x, y]^(-2)* e2[x, y]
gam[[3, 4, 2]] =1/2*r2[x, y]^2*r1[x, y]^(-2)* e3[x, y]
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gam[[3, 2, 4]] =1/2*r2[x, y]^2*r1[x, y]^(-2)* e3[x, y]
gam[[1, 3, 4]] =-1/2*r2[x, y]^2* e2[x, y]
gam[[1, 4, 3]] =-1/2*r2[x, y]^2* e2[x, y]
gam[[2, 3, 4]] =-1/2*r2[x, y]^2* e3[x, y]
gam[[2, 4, 3]] =-1/2*r2[x, y]^2* e3[x, y]
tts = FullSimplify[1/2*(tt + Transpose[tt])]
tti = FullSimplify[Inverse[tt]]
ttsi = FullSimplify[Inverse[tts]]
sdet = FullSimplify[Det[tt]]
sdets = FullSimplify[Det[tts]]
tta = FullSimplify[1/2*(tt - Transpose[tt])]
ttia = FullSimplify[1/2*(tti - Transpose[tti])]
ccudd = h1h;
gsuu = ttsi;
gdd = tt;
guu = tti;
ffdd = ff;
MatrixForm[tts]
MatrixForm[ttsi]
gsdd = 1/2*(gdd + Transpose[gdd]);
kkdd = 1/2*(gdd - Transpose[gdd]);
tkkuu[a_, b_] :=
Sum[Sum[gsuu[[l, a]]*gsuu[[m, b]]*kkdd[[l, m]], {m, 1, 4}], {l, 1, 4}];
kkuu = Table[tkkuu[a, b], {a, 1, 4}, {b, 1, 4}];
aguu= 1/2*(-Transpose[guu] + guu);
tkkddd[a_, b_, c_] := D[kkdd[[b, c]], x[a]] -
Sum[(gam[[d, b, a]]*kkdd[[d, c]] - gam[[d, c, a]]*kkdd[[b, d]]), {d, 1, 4}];
kkddd = Table[tkkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddd[a_, b_, c_] := -kkddd[[a, b, c]] + kkddd[[c, a, b]] - kkddd[[b, c, a]];
akkddd = Table[takkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddu[n_, w_, m_] := Sum[gsuu[[m, p]]*akkddd[[n, w, p]], {p, 1, 4}];
akkddu = Table[takkddu[n, w, m], {n, 1, 4}, {w, 1, 4}, {m, 1, 4}];
takkdud[l_, a_, w_] := Sum[gsuu[[a, p]]*akkddd[[l, p, w]], {p, 1, 4}];
akkdud = Table[takkdud[l, a, w], {l, 1, 4}, {a, 1, 4}, {w, 1, 4}];
tkkdu[m_, a_] := Sum[gsuu[[a, p]]*kkdd[[m, p]], {p, 1, 4}];
kkdu = Table[tkkdu[m, a], {m, 1, 4}, {a, 1, 4}];
tgamudd[n_, w_, m_] := gam[[n, w, m]] + 1/2*(akkddu[[w, m,n]] -
Sum[Sum[kkdu[[m, a]]*akkddd[[w, a, b]]*kkuu[[n, b]] -
kkdu[[w, a]]*akkddd[[m, a, b]]*kkuu[[n, b]], {a, 1, 4}], {b, 1, 4}]) +
Sum[Sum[gsuu[[n,l]]*(1/2*(akkddu[[l, a, w]]*kkdd[[m, a]] +
akkddu[[l, m, a]]*kkdd[[ w,a]])), {a, 1, 4}], {l, 1, 4}] +
Sum[Sum[Sum[Sum[1/2*(gsuu[[n, l]]*(kkdu[[c,b]]*
(kkdu[[m, c]]*akkddd[[w, a, b]]*kkdu[[l, a]] +
kkdu[[w, c]]*akkddd[[m, a, b]]*kkdu[[l, a]] -
akkddd[[l, a, b]]*kkdu[[w, a]]*kkdu[[m, c]] -
akkddd[[l,a,b]]*kkdu[[m, a]]*kkdu[[w, c]]))),
{c, 1, 4}], {l, 1, 4}], {a, 1, 4}], {b, 1, 4}];
gamudd = Table[tgamudd[n, w, m], {n, 1, 4}, {w, 1, 4}, {m, 1, 4}];
ruddd[a_, b_, r_, s_] := (-D[gamudd[[a, b, r]], x[s]] + D[gamudd[[a, b, s]], x[r]])*
Exp[-n1[x, y]]*f2[x,y]^(1/2) + Sum[(gamudd[[a, c, r]]*gamudd[[c, b, s]] -
gamudd[[a, c, s]]*gamudd[[c, b, r]]), {c, 1, 4}] +
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Sum[gamudd[[a, b, c]]*ccudd[[c, r, s]], {c, 1, 4}];
tabruddd = Table[ruddd[a, b, r, s], {a, 1, 4}, {b, 1, 4}, {r, 1, 4}, {s, 1, 4}];
ricdd[b_, r_] := Sum[tabruddd[[a, b, r, a]] + 1/2*tabruddd[[a, a, b, r]], {a, 1, 4}];
tabricdd = Table[ricdd[b, r], {b, 1, 4}, {r, 1, 4}] ;
sricdd =Simplify[ 1/2*(tabricdd + Transpose[tabricdd])];
aricdd =Simplify[ 1/2*(tabricdd - Transpose[tabricdd])];
hhdd[w_, m_] := ffdd[[w, m]] +
Sum[Sum[-gsuu[[t, a]]*ffdd[[a, w]]*kkdd[[m, t]] +
gsuu[[t, a]]*ffdd[[a, m]]*kkdd[[w, t]], {a, 1, 4}], {t, 1, 4}];
tabhhdd = Table[hhdd[w, m], {w, 1, 4}, {m, 1, 4}];
hhguu[m_, a_] :=
Sum[Sum[guu[[b, m]]*guu[[c, a]]*tabhhdd[[b, c]], {b, 1, 4}], {c, 1, 4}];
tabhhguu = Table[hhguu[m, a], {m, 1, 4}, {a, 1, 4}]
aadd[a_, b_] :=
Sum[Sum[gdd[[c, b]]*tabhhdd[[m, a]]*tabhhguu[[m, c]], {m, 1, 4}], {c, 1, 4}];
tabaadd = Table[aadd[a, b], {a, 1, 4}, {b, 1, 4}];
bbdd[a_, b_] :=
-2*Sum[Sum[aguu[[m, c]]*ffdd[[m, c]]*ffdd[[a, b]], {m, 1, 4}], {c, 1, 4}];
tabbbdd = Table[bbdd[a, b], {a, 1, 4}, {b, 1, 4}];
ccdd[a_, b_] := -1/4*gdd[[a, b]]*Sum[Sum[tabhhguu[[m, n]]*ffdd[[m, n]] -
2*(aguu[[m, n]]*ffdd[[m, n]])^2, {n, 1, 4}], {m, 1, 4}];
tabccdd = Table[ccdd[a, b], {a, 1, 4}, {b, 1, 4}];
tedd = tabaadd + tabbbdd + tabccdd;
tesdd =Simplify[ 1/2*(tedd + Transpose[tedd])];
teadd =Simplify[1/2*(tedd - Transpose[tedd])];
wwuu[a_, m_] := (-sdet)^(1/2)*(tabhhguu[[a, m]] -
2*aguu[[a, m]]*Sum[Sum[aguu[[n, b]]*ffdd[[n, b]], {n, 1, 4}], {b, 1, 4}]);
wwu[a_] := Sum[D[wwuu[a, m], x[m]], {m, 1, 4}];
ee=Table[0,{a,1,4},{b,1,4}]
ee = sricdd ;
ee1=2*tesdd;
eea=Table[0,{a,1,4},{b,1,4}]
eea = aricdd ;
eea1=2*teadd;
vv[a_] := Sum[D[(-sdet)^(1/2)*aguu[[a, b]], x[b]], {b, 1, 4}];
ww = FullSimplify[Table[wwu[a], {a, 1, 4}]]
vs = FullSimplify[Table[vv[a], {a, 1, 4}]]
Let us notice the following fact. In our programme to calculate symbolically we use several
notions. Moreover, in the text we change a notation for convenience. In this way one gets
x → ρ, y → z
b2[x, y]→ b, m1[x, y]→ m
b2(1,0)[x, y]→ ∂b
∂ρ
, m1(1,0)[x, y]→ ∂m
∂ρ
b2(0,1)[x, y]→ ∂b
∂z
, m1(0,1)[x, y]→ ∂m
∂z
b2(2,0)[x, y]→ ∂
2b
∂ρ2
, m1(2,0)[x, y]→ ∂
2m
∂ρ2
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b2(1,1)[x, y]→ ∂
2b
∂ρ∂z
, m1(1,1)[x, y]→ ∂
2m
∂ρ∂z
b2(0,2)[x, y]→ ∂
2b
∂z2
, m1(0,2)[x, y]→ ∂
2m
∂z2
f2[x, y]→ f, w1[x, y]→ ω
f2(1,0)[x, y]→ ∂f
∂ρ
, w1(1,0)[x, y]→ ∂ω
∂ρ
f2(0,1)[x, y]→ ∂f
∂z
, w1(0,1)[x, y]→ ∂ω
∂z
f2(2,0)[x, y]→ ∂
2f
∂ρ2
, w1(2,0)[x, y]→ ∂
2ω
∂ρ2
f2(1,1)[x, y]→ ∂
2f
∂ρ∂z
, w1(1,1)[x, y]→ ∂
2ω
∂ρ∂z
f2(0,2)[x, y]→ ∂
2f
∂z2
, w1(0,2)[x, y]→ ∂
2ω
∂z2
a3(1,0)[x, y]→ ∂a3
∂ρ
, a3(0,1)[x, y]→ ∂a3
∂z
Appendix B
In this appendix we give a programme (kalinowski_24mmkw.nb) written in Mathematica to cal-
culate symbolically all quantities from Section 2 for cylindrical gravito-electromagnetic wave.
x[1] = r1
x[2] = th
x[3] = z1
x[4] = t1
n1 = n2[x[1], (x[1] - x[4])]
a1 = D[b2[x[1], (x[1] - x[4])], x[1]]
s1 = s2[x[1] - x[4]]*(x[1])^(-1)
l1 = l2[x[1], (x[1] - x[4])]
b1 = -D[b2[x[1], (x[1] - x[4])], x[4]]
tt = Table[0, {i, 1, 4}, {j, 1, 4}]
tt[[1, 1]] = -Exp[2*(n1 - l1)]
tt[[1, 3]] = s1*Exp[2*l1]
tt[[2, 2]] = -(x[1])^2*Exp[-2*l1]
tt[[3, 1]] = -s1*Exp[2*l1]
tt[[3, 3]] = -Exp[2*l1]
tt[[3, 4]] = s1*Exp[2*l1]
tt[[4, 4]] = Exp[2*(n1 - l1)]
tt[[4, 3]] = -s1*Exp[2*l1]
ff = Table[0, {i, 1, 4}, {j, 1, 4}]
ff[[1, 3]] = a1
ff[[3, 1]] = -a1
ff[[3, 4]] = b1
ff[[4, 3]] = -b1
MatrixForm[tt]
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MatrixForm[ff]
sdet = FullSimplify[Det[tt]]
gdd = tt;
ffdd = ff;
tti = FullSimplify[Inverse[tt]]
guu = tti;
Table[0, {i, 1, 4}, {j, 1, 4}]
tts = FullSimplify[1/2*(tt + Transpose[tt])]
MatrixForm[tts]
sdets = FullSimplify[Det[tts]]
ttsi = FullSimplify[Inverse[tts]]
gsuu = ttsi;
MatrixForm[ttsi]
gsdd =1/2*(gdd + Transpose[gdd]);
kkdd =1/2*(gdd - Transpose[gdd]);
tkkuu[a_, b_] :=
Sum[Sum[gsuu[[l, a]]*gsuu[[m, b]]*kkdd[[l, m]], {m, 1, 4}], {l, 1, 4}];
kkuu = Table[tkkuu[a, b], {a, 1, 4}, {b, 1, 4}];
aguu = 1/2*(-Transpose[guu] + guu);
tchrudd[c_, b_, m_] :=
Sum[1/2*gsuu[[a, c]]*(D[gsdd[[a, b]], x[m]] +
D[gsdd[[a, m]], x[b]] - D[gsdd[[b, m]], x[a]]), {a, 1, 4}];
chrudd = Table[tchrudd[c, b, m], {c, 1, 4}, {b, 1, 4}, {m, 1, 4}];
tkkddd[a_, b_, c_] :=
D[kkdd[[b, c]], x[a]] - Sum[(chrudd[[d, b, a]]*kkdd[[d, c]] +
chrudd[[d, c, a]]*kkdd[[b, d]]), {d, 1, 4}];
kkddd = Table[tkkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddd[a_, b_, c_] := -kkddd[[a, b, c]] + kkddd[[c, a, b]] - kkddd[[b, c, a]];
akkddd = Table[takkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddu[ w_, m_,n_] := Sum[gsuu[[n, p]]*akkddd[[ w, m,p]], {p, 1, 4}];
akkddu = Table[takkddu[n, w, m], {n, 1, 4}, {w, 1, 4}, {m, 1, 4}];
chrudd = Table[tchrudd[c, b, m], {c, 1, 4}, {b, 1, 4}, {m, 1, 4}];
tkkddd[a_, b_, c_] :=
D[kkdd[[b, c]], x[a]] - Sum[(chrudd[[d, b, a]]*kkdd[[d, c]] +
chrudd[[d, c, a]]*kkdd[[b, d]]), {d, 1, 4}];
kkddd = Table[tkkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddd[a_, b_, c_] := -kkddd[[a, b, c]] + kkddd[[c, a, b]] - kkddd[[b, c, a]];
akkddd = Table[takkddd[a, b, c], {a, 1, 4}, {b, 1, 4}, {c, 1, 4}];
takkddu[ w_, m_,n_] := Sum[gsuu[[n, p]]*akkddd[[ w, m,p]], {p, 1, 4}];
akkddu = Table[takkddu[n, w, m], {n, 1, 4}, {w, 1, 4}, {m, 1, 4}];
takkdud[l_, a_, w_] := Sum[gsuu[[a, p]]*akkddd[[l, p, w]], {p, 1, 4}];
akkdud = Table[takkdud[l, a, w], {l, 1, 4}, {a, 1, 4}, {w, 1, 4}];
tkkdu[m_, a_] := FullSimplify[Sum[gsuu[[a, p]]*kkdd[[m, p]], {p, 1, 4}]];
kkdu = Table[tkkdu[m, a], {m, 1, 4}, {a, 1, 4}];
tgamudd[n_, w_, m_] := chrudd[[n, w, m]] + 1/2*(akkddu[[w, m,n]] -
Sum[Sum[kkdu[[m, a]]*akkddd[[w, a, b]]*kkuu[[n, b]] -
kkdu[[w, a]]*akkddd[[m, a, b]]*kkuu[[n, b]], {a, 1, 4}], {b, 1, 4}]) +
Sum[Sum[gsuu[[n, l]]*(1/2*(akkddu[[l, a, w]]*kkdd[[m, a]] +
akkddu[[l, m, a]]*kkdd[[ w,a]])), {a, 1, 4}], {l, 1, 4}] +
Sum[Sum[Sum[Sum[1/2*(gsuu[[n, l]]*(kkdu[[c,
b]]*(kkdu[[m, c]]*akkddd[[w, a, b]]*kkdu[[l, a]] +
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kkdu[[w, c]]*akkddd[[m, a, b]]*kkdu[[l, a]] -
akkddd[[l, a, b]]*kkdu[[w, a]]*kkdu[[m, c]] - akkddd[[l,a,b]]*
kkdu[[m, a]]*kkdu[[w, c]]))), {c, 1, 4}], {l, 1, 4}], {a, 1, 4}], {b, 1, 4}];
gamudd = Table[tgamudd[n, w, m], {n, 1, 4}, {w, 1, 4}, {m, 1, 4}];
truddd[a_, b_, r_, s_] := FullSimplify[-D[gamudd[[a, b, r]], x[s]] +
D[gamudd[[a, b, s]], x[r]] + Sum[(gamudd[[a, c, r]]*gamudd[[c, b, s]] -
gamudd[[a, c, s]]*gamudd[[c, b, r]]), {c, 1, 4}]];
tabruddd= Table[truddd[a, b, r, s], {a, 1, 4}, {b, 1, 4}, {r, 1, 4}, {s, 1, 4}];
ricdd[b_, r_] := Sum[tabruddd[[a, b, r, a]] + 1/2*tabruddd[[a, a, b, r]], {a, 1, 4}];
tabricdd = Table[ricdd[b, r], {b, 1, 4}, {r, 1, 4}] ;
sricdd =Simplify[ 1/2*(tabricdd + Transpose[tabricdd])];
aricdd =Simplify[ 1/2*(tabricdd - Transpose[tabricdd])];
hhdd[w_, m_] := ffdd[[w, m]] +
Sum[Sum[-gsuu[[t, a]]*ffdd[[a, w]]*kkdd[[m, t]] +
gsuu[[t, a]]*ffdd[[a, m]]*kkdd[[w, t]], {a, 1, 4}], {t, 1, 4}];
tabhhdd = Table[hhdd[w, m], {w, 1, 4}, {m, 1, 4}];
hhguu[m_, a_] :=
Sum[Sum[guu[[b, m]]*guu[[c, a]]*tabhhdd[[b, c]], {b, 1, 4}], {c, 1, 4}];
tabhhguu = Table[hhguu[m, a], {m, 1, 4}, {a, 1, 4}];
aricdd =Simplify[ 1/2*(tabricdd - Transpose[tabricdd])];
hhdd[w_, m_] := ffdd[[w, m]] + Sum[Sum[-gsuu[[t, a]]*ffdd[[a, w]]*kkdd[[m, t]] +
gsuu[[t, a]]*ffdd[[a, m]]*kkdd[[w, t]], {a, 1, 4}], {t, 1, 4}];
tabhhdd = Table[hhdd[w, m], {w, 1, 4}, {m, 1, 4}];
hhguu[m_, a_] :=
Sum[Sum[guu[[b, m]]*guu[[c, a]]*tabhhdd[[b, c]], {b, 1, 4}], {c, 1, 4}];
tabhhguu = Table[hhguu[m, a], {m, 1, 4}, {a, 1, 4}]
aadd[a_, b_] :=
Sum[Sum[gdd[[c, b]]*tabhhdd[[m, a]]*tabhhguu[[m, c]], {m, 1, 4}], {c, 1, 4}];
tabaadd = Table[aadd[a, b], {a, 1, 4}, {b, 1, 4}];
bbdd[a_, b_] := -2* Sum[Sum[aguu[[m, c]]*ffdd[[m, c]]*ffdd[[a, b]],
{m, 1, 4}], {c, 1, 4}];
tabbbdd = Table[bbdd[a, b], {a, 1, 4}, {b, 1, 4}];
ccdd[a_, b_] := -1/4*gdd[[a, b]]*Sum[Sum[tabhhguu[[m, n]]*ffdd[[m, n]] -
2*(aguu[[m, n]]*ffdd[[m, n]])^2, {n, 1, 4}], {m, 1, 4}];
tabccdd = Table[ccdd[a, b], {a, 1, 4}, {b, 1, 4}];
tedd = tabaadd + tabbbdd + tabccdd;
tesdd = Simplify[ 1/2*(tedd + Transpose[tedd])];
teadd =Simplify[ 1/2*(tedd - Transpose[tedd])];
wwuu[a_, m_] :=FullSimplify[(-sdet)^(1/2)*(tabhhguu[[a, m]] - 2*aguu[[a, m]]*
Sum[Sum[aguu[[n, b]]*ffdd[[n, b]], {n, 1, 4}], {b, 1, 4}])];
wwu[a_] := Sum[D[wwuu[a, m], x[m]], {m, 1, 4}];
ee=Table[0,{a,1,4},{b,1,4}]
ee = sricdd ;
ee1=2*tesdd;
eea=Table[0,{a,1,4},{b,1,4}]
eea = aricdd ;
eea1=2*teadd;
vv[a_] := FullSimplify[
Sum[D[(-sdet)^(1/2)*aguu[[a, b]], x[b]], {b, 1, 4}]];
ww = Table[wwu[a], {a, 1, 4}]
vs = Table[vv[a], {a, 1, 4}]
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Here also we change a notation in the text for convenience:
r1 → r, l2[r1, r1− t1]→ l
n2[r1, r1− t1]→ n, s2[r1, r1− t1]→ f
s2′[r1, r1− t1]→ df
du
, s2′′[r1, r1 − t1]→ d
2f
du2
l2(1,0)[r1, r1− t1]→ ∂l
∂r
, n2(1,0)[r1, r1− t1]→ ∂n
∂r
l2(0,1)[r1, r1− t1]→ ∂l
∂u
, n2(0,1)[r1, r1 − t1]→ ∂n
∂u
l2(2,0)[r1, r1− t1]→ ∂
2l
∂r2
, n2(2,0)[r1, r1− t1]→ ∂
2n
∂r2
l2(1,1)[r1, r1 − t1]→ ∂
2l
∂r∂u
, n2(1,1)[r1, r1− t1]→ ∂
2n
∂r∂u
l2(0,2)[r1, r1− t1]→ ∂
2l
∂u2
, n2(0,2)[r1, r1 − t1]→ ∂
2n
∂u2
b2(1,0)[r1, r1− t1]→ ∂b
∂r
, b2(0,1)[r1, r1 − t1]→ ∂b
∂u
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